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Abstract 

The category of exploded torus fibrations is an extension of tlie cat- 
egory of smootii manifolds in which some adiabatic limits look smooth. 
(For example, the type of limits considered in tropical geometry appear 
smooth.) In this paper, we prove a compactness theorem for (pseudo)- 
holomorphic curves in exploded torus fibrations. In the case of smooth 
manifolds, this is just a version of Gromov's compactness theorem in a 
topology strong enough for gluing analysis. 
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1 Introduction 

As the subject of this paper is holomorphic curves in a new category, the 
reader desiring rigorous statements will be disappointed in this introduction, 
and should wait until terms have been defined. 

Holomorphic curves have been a powerful tool in symplectic topology since 
Gromov's original paper on the subject, [S]. The basic idea is that given a 
symplectic manifold, there is a contractible choice of almost complex structure so 
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that the symplectic form is positive on holomorphic planes. The 'moduh space' 
of (pseudo)-holomorphic curves with a choice of one of these almost complex 
structures is in some sense 'smooth', 'compact' and finite dimensional, and 
topological invariants of this 'moduli space' give invariants of the underlying 
symplectic manifold. 

The number of quotation marks required for the above statements is perhaps 
one indication that the category of smooth manifolds is not the ideal setting for 
working with holomorphic curves. In particular, in order for our moduli space 
to be 'compact', we have to include connected 'smooth' families of holomorphic 
curves which exhibit bubbling behavior, and change topology. This certainly 
does not fit the usual definition of a smooth family (although it is more natural 
from the perspective of algebraic geometry) . The topology in which the moduli 
space is compact is also so unnatural to the smooth category that it is difhcult 
to state simply. 

A second reason to leave the smooth category is that holomorphic curves can 
be very difficult to find directly there. A common technique used to find holo- 
morphic curve invariants is to consider a family of almost complex structures 
which degenerates somehow to a limit in which holomorphic curves become sim- 
pler, and then reconstruct holomorphic curve invariants from limiting informa- 
tion. In the category of exploded torus fibrations, some of these degenerations 
can be viewed as smooth families, and the limiting problem is a problem of the 
same type. 

One example of such a degeneration is that considered in the algebraic case 
by [TU]. This is a degeneration represented by a flat family of projective schemes 
so that the fiber at has two components intersecting transversely over a smooth 
divisor, and all other fibers are smooth. This corresponds in the symplectic 
setting to the degeneration used to represent a symplectic sum, used in [7] 
to prove the symplectic sum formula for Gromov-Witten invariants. Similar 
degenerations have been used to study holomorphic curves in [S] and More 
generally, one might consider the case of a flat family in which the central fiber 
is reduced with simple normal crossing singularities, or the analogous case in the 
symplectic setting. This type of degeneration can be represented by a smooth 
family in the category of exploded torus fibrations. In the exploded category, 
an object S corresponding to this central fiber will have a smooth part [58] 
which is equal to the central fiber, and a tropical part [Q5J which is a stratified 
integral afhne or 'tropical' space which has a vertex for every component of 
the central fiber [*B] , an edge for every intersection, and an n dimensional face 
for each complex codimension n intersection of some number of components. 
Holomorphic curves in *B look like usual holomorphic curves projected to [*B] , 
and tropical curves projected to [Q3J . 

This tropical part [55J is related to the large complex structure limit studied 
in some approaches to mirror symmetry such as found in [S], [1] or [S]. Study- 
ing the tropical curves in [Q5J can sometimes give complete information about 
holomorphic curve invariants. One example of this is in [llj . 

The goal of this paper is to provide the relevant compactness theorems for 
holomorphic curves in exploded torus fibrations analogous to Gromov's com- 
pactness theorem ( stated precisely on pagel54p. This is one step towards having 
a good holomorphic curve theory for exploded torus fibrations. It is anticipated 
that the moduli stack of holomorphic curves in exploded fibrations also admits 
a natural type of Kuranishi structure which together with these compactness 
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results will allow the definition of holomorphic curve invariants such as Gromov 
Witten invariants. 



2 Definitions 

2.1 Tropical semiring and exploded semiring 

Functions on exploded fibrations will sometimes take values in the following 
semirings: 

The tropical semiring is a semiring which is equal to R with 'multiplica- 
tion' being the operation of usual addition and 'addition' being the operation 
of taking a minimum. We will write elements of t"* as where a; € R. Then we 
can write the operations as follows 

^x^y ._ ^x+y 
^x _|_ ._ ^mi-a{x,y} 

can be thought of as something which is infinitesimally small. With this in 
mind, we have the following order on t"*: 



> when X < y 

Given a ring R, the exploded semiring i?t* consists of elements ct^ with 
cG R and a; e R. Addition and multiplication are as follows: 



Cit^ + C2t^ 



cit^ ii X < y 

(Cl + C2)P if X 

C2t^ if X > y 



It is easily checked that addition and multiplication are associative and obey 
the usual distributive rule. We will mainly be interested in Ct* and Rt*. 
There are semiring homomorphisms 



R 



defined by 

i{c) := ct° 

[cf^j := e 

The homomorphism [-J is especially important. We shall call [cPj = the 
tropical part of ct^. There will be an analogous 'tropical part' of 'basic' exploded 
fibrations which can be thought of as the large scale. 

Define the positive exploded semiring i?t'^ to be the sub semiring of -Rt"^ 
consisting of elements of the form ct^ where a; > 0. There is a semiring homo- 
morphism 

r-1 : i?t*^ R 
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given by 

c if x = 



if a; > 



Note that the above homomorphism can be thought of as setting = 0, which 
is intuitive when is thought of as infinitesimally small. 

We shall use the following order on (0, oo)t*, which again is intuitive if t""^ is 
thought of as being infinitesimally small and positive: 

Xit^^ < x^i^^ whenever yx > t/2 or yi = and Xx < x^ 

2.2 Exploded T fibrations 

The following definition of abstract exploded fibrations is far too general, but 

it allows us to talk about local models for exploded torus fibrations as abstract 
exploded fibrations without giving too many definitions beforehand. 

Definition 2.1. An abstract exploded fibration 03 consists the following. ■ 

1. A set of points 

2. A Hausdorff topological space [!B] with a map 

{p ^ 5B} m 

3. A sheaf of Abelian groups on [5B], £^ (05) called the sheaf of exploded func- 
tions on 05 so that: 

(a) Each element f G £^{U) is a function defined on the set of points 
over U, 

f ■■ [■]~\U) R*t^ 

where R* denotes the multiplicatively invertible elements of some ring 

R. (For this paper, we shall use R = C) 

(b) £^{U) includes the constant functions ifU^^. 

(c) Multiplication is given by pointwise multiplication in R*\^. 

(d) Restriction maps are given by restriction of functions. 

We shall use the terminology of an open subset U of an abstract exploded 
fibration *B to mean an open subset U C [05] along with the set of points in 

and the sheaf £^{U). The strange notation for the set of points in 05, 
{p 05} is used because it is equal to the set of morphisms of a point into 05. 

Definition 2.2. A morphism f : 05 — > £ of abstract exploded fibrations is a 
map on points and a continuous map of topological spaces so that the following 
diagram commutes 

{p ^ 05} ^ {p^ €} 
I [•] i [•] 

[5B] ^ [£] 
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and so that f preserves £^ in the sense that if g G £^{U), then fog is in 

{\f\-\u)) 

f*g:=foge£- ([/]-!([/)) 



Note that the reader should not attempt to work directly with the above 
definition as it is too general. It simply enables us to talk about examples 
without giving a complete definition beforehand. The next sequence of examples 
will give us local models for exploded T fibrations. 

Example 2.3. 

Any smooth manifold M is a smooth exploded T fibration. In this case, the 
underlying toplogical space [M] is just M with the usual topology, the set of 
points {p — > M} the usual set of points in M, and [•] : {p M} — > [M] the 
identity map. The sheaf £^ (M) consists of all functions of the form /t" where 
/ G C°°{M, C*) and a is a locally constant M valued function. 

The reader should convince themselves that this is just a strange way of 
encoding the usual data of a smooth manifold, and that a exploded morphism 
between smooth manifolds is simply a smooth map. This makes the category of 
smooth manifolds a full subcategory of the category of exploded T fibrations. 

The above example should be considered as a 'completely smooth' object. 
At the other extreme, we have the following 'completely tropical' object. 

Example 2.4. 

The exploded fibration T" is best described using coordinates (zi, . . . , z„) 
where each z,; G f ^(T"). The set of points in T", {p ^ 1"} are then iden- 
tified with {CH^Y'' by prescribing the values of (zi, . . . , The underlying 
topological space [T"] is t'^" (given the usual topology on R"), and 

[(f 1 , . . . , 5„)] = ( Lzi J , . . . , [~zn\ ) or [(ci . . . , c,r- )] = (f^^ , . . . , t"" ) 

Note that there is a (C*)" worth of points p — > 1" over every topological point 

b] e [1"]. 

Exploded functions in f ^ (T") can be written in these coordinates as 

ct^z" := cF Yl 

where c e C*, y e M and a e Z" are all locally constant functions. 

The reader should now be able to verify the following observations: 

1. A morphism from T" to a smooth manifold is simply given by a map 
[T"] — > M which has as its image a single point in M . 

2. A morphism from a connected smooth manifold M to T" has the infor- 
mation of a map [/] from M to a point [p] G [T"] and a smooth map / 
from M to the (C*)" worth of points over [p]. The map / is determined 
by specifying the n exploded functions 

f*{ii)&£'' (M) 
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Note in particular that £^ (M) is equal to the sheaf of smooth morphisms 
of M to 1. This will be true in general. A smooth morphism / : 03 — > T" 
is equivalent to the choice of n exploded functions m £^ (05) corresponding to 

Now, a hybrid object, part 'smooth', part 'tropical'. 
Example 2.5. 

The exploded fibration Tjq :— l\ is more complicated. We shall describe 
this using the coordinate z £ £^{1\). The set points {p ^ T}} is identified 
with C*t*^ by specifying the value of z{p) £ C*t^^ . 

The underlying topological space is given as follows: 



J 



{OeC} = {tOGt«+} 



:= {(z,t°) e C X t" so that 



0} 




A picture of [X}] 
Our map from points to is given by 

[S] :=(m,L5j) 

The above expression uses the maps defined in section [TT] [cfj — t", and [cf] 
is equal to c if a = and if a > 0. Note that there is one point p ^ 1.\ 
over points of the form (c, t") e [T}], a C* worth of points over (0, f^) € [T^] for 
a > and no points over (0, t") € [T}]. 

This object should be thought of as a copy of C which we puncture at 0, 
and consider this puncture to be an asymptoticaly cylindrical end. Each copy 
of C* over (0, P) should be thought of as some 'cylinder at oo'. Note that even 
though there is a (0, oo) worth of two dimensional cylinders involved in this 
object, it should still be thought of being two dimensional. This strange feature 
is essential for the exploded category to have a good holomorphic curve theory. 
(Actually, we could just have easily had a worth of cylinders at infinity, and 
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worked over the semiring Ct^ instead of Ct , but this author prefers the real 
numbers.) 

We shall use the notation 



= 



+ 



We shall call [T}] the smooth or topological part of 1\ and [T}J the tropical 
part of 1} . 

We can write any exploded function h E £^ (T}) as 

h{S) = /([z])t«z" for / e C°°(C,C*), and y e M,a e Z locally constant. 

We can now see that is a kind of hybrid of the last two examples. Re- 
stricting to an open set contained inside {[zj — t*^} C we get part of a 
smooth manifold. Restricting to an open set contained inside {\z~\ = 0} C [X}], 
we get part of 1. 



We can define (25) to consist of all functions in £^ (05) which take values 
only in C*t*^. Note that a smooth morphism / : *8 — > from any exploded 
T fibration S that we have described in examples so far is given by a choice of 
exploded function f*{z) E^£^ (25). This will be true for exploded T fibrations 
in general. 

We can build up 'exploded curves' using coordinate charts modeled on open 
subsets of %\. For an example of this see the picture on page[T31 For an example 
of a map of this to T" see example 12. 391 on page [231 Those interested in tropical 
geometry may like the following example 12.401 For a local example of a family 
of such objects, see example 12.471 on pageHSl 

We shaU use the special notation to denote (T})" x (These 
spaces will be described rigorously below.) Before giving the most general local 
model for exploded T fibrations, we give the following definition which can be 
thought of as a local model for the tropical part of our exploded fibrations. 

Definition 2.6. An integral cone ^ C is a subset of given by a collec- 
tion of inequalities 

^ |t" := (f^S . . . , T") e t*" so that f^'"" := ]J(rO"^ € t"*"" 

In other words, A := {t" so that a ■ > 0} 

where a' are vectors in Z™. 

The dual cone A* to A is defined to be 

A* := {a G Z™ : a • a > 0,Vt° G A} 
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The following is the most general local model for exploded T fibrations. 
Example 2.7. 

Given any integral cone Act* which generates t"* as a group, we will 
now describe the exploded fibration R" x T™. We shall use coordinates 

(xi , . . . , Xji , , . . . , ZjTi) 

The set of points {p R" x T™} is then given by 

{ixi,...,xm,cie\..., c^e- ) e R" X (c* t«)" ; {e^ , . . . , )^a] 

We will describe the underlying topological space [R" x T™] using some 
extra coordinate choices. Let {a^, . . . , a^} generate the dual cone A* C Z™ as 
a semigroup with the relations 

i 

Label coordinates for C'' as (2"\ . . . ,2"*^), and use t" to denote points in A. 
We can describe the underlying topological space, [M" x T™] as a subspacc 

[R" X T^] = |(a;,z"',t"); [^(z"')'^-'^' = 1, (a* • a)z"' = o| C R" x C'= x A 

Again we shall use the notation 

[R" X T™J A, the tropical part 

[R" X 1^1 := I J|(z"')''''^ = l| C R" X C^ the smooth part 

(This smooth part is equal to M" times the toric variety corresponding to the 
cone A.) Using the shorthand := z"% and recalling that [ct°] is equal to 
c if a = 0, and equal to if a > 0, we can write the map from the set of points 
down to the smooth part as 

\{xrz)^ := {x,\z""^,...^~z^"^) 

The map from the set of points down to the tropical part is given by 

L(a;, f )J := ( L5i J , . . . , L^mJ ) or \_{x, cif^S . . . , c^f^'" )J - (t^^ , . . . , f^'" ) 
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The map from the set of points down to the underlying topological space is then 
defined by 

[{x,z)] [(a;,i)J) 

(Note that we can also describe [M" x T™] as the closure of the image of the 
above map inside R" x C*^ x A.) Exploded functions h e £^ (K" x 1™) are aU 
functions that can be written as 

h{x,z) := f{\{x,S)^)S''ty 

where / e C°°(IR" x C*^, C*), and a e Z™ and y e M are locally constant. 
It is important to note that two exploded functions are equal if they have the 
same values on points (which means that we can represent the same exploded 
function using different smooth functions /.) Note also that this definition is 
independent of the choice of basis {a^} for A* . 

The earlier examples 1} = 'Jj[o,oo): and 1" = T"k", and 

CT-m (rrl\n „ cr(m — n) crm 

— (-^l) ^ ■— -^j(r+)"xr('"-") 

These examples are much easier to understand than the most general model, so 
if the above definition was confusing, it is worthwhile reading through it again 
with these examples in mind. In this case, we can choose the obvious basis for 
A* given by the first n standard basis vectors, so z" := Zi. The smooth part 
of T™, is then [T™] C" with coordinates ([zi],..., [znD- An important 
example of exploded fibrations locally modeled on open subsets of T™ is given 
in example 12.371 on page [22l We need the more confusing models T™ because 
they arise naturally in the intersection theory of exploded fibrations. They also 
occur in moduli spaces of holomorphic curves. We need to consider families of 
holomorphic curves with total spaces locally modeled on these more complicated 

Trn 
A ■ 

Definition 2.8. A smooth exploded T fibration *B is an abstract exploded fibra- 
tion locally modeled on open subsets o/R" x T™. 

In other words, each point in [*B] has a neighborhood U which is isomorphic 
as an abstract exploded fibration to some open set in M" x T™. The model 
R" X T™ used may depend on the open set. 

There are some extra sheaves of functions which are defined on any smooth 
exploded T fibration *B which will come in useful: 

Definition 2.9. The sheaf of smooth functions C°°(Q3) is the sheaf of smooth 
morphisms of ^ to R considered as a smooth exploded T fibration. 

Definition 2.10. The sheaf of integral affine functions {^) consists of func- 
tions of the form [/J where / £ £^ (^)- 

Recall that [ci"J := i". We shall also use the terminology that the order 
of cf^ is a. The sheaf C^a) corresponds to functions on A of the form 
t" 1-^ t2^+" '^ where a e Z" and y e R. 
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Definition 2.11. The sheaf of exploded tropical functions is the sheaf of 

Ct* valued functions which are locally equal to a finite sum of exploded functions 
£^ . ('Sum' means sum using pointwise addition in Ct* J The sheaf of tropical 
functions -4(*B) consists of functions of the form [/J for some f G f (^B). 

For example .4(T") consists of functions of the form where / : M" — > K 
is some continuous, concave piecewise integral affine function. Functions of 
this form are usually called tropical functions. We shall usually not use f (S) 
because the addition is strange, and £^ (*B) is naturally defined as the sheaf of 
morphisms to T. The only place that f (S) will be used in this paper will be in 
the definition of the tangent space of *B. The operation of addition is needed 
here to state the usual property of being a derivation. The other reason that 
addition was mentioned in this paper was to emphasize the links with tropical 
geometry. 

The inclusion l : C — > Ct'* defined by t(c) = ct" induces an inclusion of 
functions 

L : C°°(*B) — > £(«B) 
iif){p) := Lifip)) 

Definition 2.12. Using the notation of example \2.7[ a C*^ function on R" x T™, 
/ e C'^(K" X X™) is a function on [R" x T™] which is equal to a C'' function 
applied to the variables Xi and z°' . A exploded function f £ £^'^ (R" x T™) 
is a function of the form fz^i^ where f is a function taking values in C*. 
We can define morphisms of exploded fibrations to be morphisms of abstract 
exploded fibrations using the sheaf E''^ instead of £^ 

We can consider an arbitrary Hausdorff topological space to be a C*' exploded 
fibration. A continuous morphism of 05 to a Hausdorff topological space X is 
given by a map / : *B — > [*B] — > X so that the puUback of continuous real 
valued functions on X are C" functions on *B. Note that in general, the map 
[•] : 05 — > [05] is not a continuous morphism in this sense. 

Definition 2.13. The topological or smooth part of^, [05] is the unique Haus- 
dorff topological space [05] with the following universal property: There is a 
morphism 

05^ [05] 

so that any other C*^ morphism from 05 to a Hausdorff topological space factors 
uniquely through [•] ; 

Given / : 05 — > X 
there exists a unique h : [05] — > X 
so that f = ho [•] 

We can construct [05] as the image of 05 in R*^ '-'^K The universal property 
of [•] makes it clear that taking the topological part of 05 is a functor from the 
exploded category to the category of Hausdorff topological spaces. 

Definition 2.14. We shall use the adverb 'topologically' to indicate a property 
of [05] . In particular, 
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1. A sequence of points pi — > OS converges topologically to p — > OS if their 
images converge in [5B] . In this case we use the notation \pi \ —^ \p~\ or 
say these points converge in [S] . Note that this is equivalent to f{pi) 
converging to f{p) for every continuous M valued function f G C'(S). 

2. The exploded fibration 05 is topologically compact if [?B] is compact. 

3. A map f : 05 — > £ is topologically proper if the induced map [/] : [*B] — > 
[£] is proper. 

Note that limits in the above sense are of course not unique. A manifold is 
topologically compact when considered as an exploded fibration if and only if it 
is compact. Another example is any connected open subset of T". Sometimes 
the topological part of *B gives slightly misleading information about *B, as 
the following example is intended to demonstrate. We shall give a more useful 
analogue of 'compactness' in definition 1 2 . 1 91 shortlv. 

Example 2.15. 

Our local model M" x T™ has a smooth part [M" x 1™] which is equal to 
the product of R" with the toric variety corresponding to the integral afhne 
cone A. The following two examples have 'misbehaved' smooth parts: Consider 
the exploded fibration formed by quotienting R x T by (x, z) = {x + l,z) and 
(cc, z) = (x + TT, t^z). The smooth part of this is a single point, even though it is 
made up of pieces which have smooth parts equal to a circle. Another example 
is given by the subset of R x T which is the union of the set where [zj < t° 
with the set where [zj > and a; > 0. (Note that these sets overlap because 
t° > t^.) The smooth part of this is equal to R. 

For many of our proofs, we shall restrict to a class of exploded fibrations 
in which the smooth part and the tropical part of the exploded fibration give 
better information than the above two examples. To explain this class of 'basic' 
exploded fibrations, we shall first construct some elementary examples. 

Example 2.16. 

Suppose that Pet* is a convex integral afhne polygon with nonempty 
interior defined by some set of inequalities: 

P := {e e t"^'" so that < tO,f. < t"} 

where a' S Z™ and Ci € R. This can simply be viewed as a convex polyhedron 
in R™ which has faces with rational slopes. View P as a stratified space in the 
standard way, (so the strata of P consist of the vertices of P, the edges of P 
minus the vertices of P, the two dimensional faces of P minus all vertices and 
edges, and so on, up to the interior of P). Note that as some of the defining 
inequalities may be strict, P may be missing some faces or lower dimensional 
strata. 

Then there is an exploded fibration 1p associated with Pet* , which is 
constructed by gluing together coordinate charts modeled on 1™^ where Ak are 
the integral afhne cones corresponding to the strata of P. 
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Explicitly, suppose that the point t"'° € t*"* is inside the fcth strata of P, and 

k 

Ak is the integral afBne cone so that locally near t" , P is equal to Ak shifted 
by t°'. 

near e\ P = {e G t""* so that t"""' € Ak} 

There are coordinates . . . , Zfn G ('Xp ) so that the set of points in 
are given by specifying values • • . , Zm{p)) ^ (C*t^) so that 

Denote by Pfe C P the subset of P which is the union of all strata of P whose 
closure contains the fcth strata of P. There is a corresponding subset of 

<Tm. 
Xp. 

T^^ := {z so that [zj G Pk} 
We put an exploded structure on Tp^ so it is isomorphic to the corresponding 

k k 

subset of T™^ with the standard coordinates given by {i~°'^z\, . . . ,t~°'"^Zm)- It 
is an easy exercise to check that the restriction of the exploded structure this 
gives to n 1p^, is compatible with the restriction of the one coming from 
Tp^, , so this gives a globally well defined exploded structure. 

An alternative way to describe this structure is as follows: Consider the 
collection of functions w := i'^z"^ so that on P, \w\ < t°. Choose some fi- 
nite generating set {tDi, . . . ,«)„} of these functions so that any other func- 
tion of this type w can be written as w = f^wf • • • w^" where (3i & N and 
c G [0, oo). Exploded functions on Tp can then be described as functions of the 
form f{\wi], . . . , \wn])i'^z", where / : C" — > C* is smooth. The underlying 
topological space [Tp] is equal to the closure of the set 

{[wil,..., L5ij,...,L5„j}cC"xP 

The tropical part of Tp is given by 

LT-J =P = {L5iJ,...,L5,nJ}Ct«'" 

The smooth part of Tp is given by 

[T^l :={r«;il,...,r*„l}cC" 

Simple examples of the above construction are Tj^ which is equal to the 
subset of T where t" > [z\ > t^, and Tjj, which is equal to the subset of T} 
where [z\ > t**. (Strictly speaking, we should be writing T^f^^^j, as the above 
confuses the interval (a, 6) C K with t^'*'*') c t".) 

Similarly, we c;an c;onstruct R*^ x T™. This has coordinates (x, z) G M*^ x T™, 
has underlying topological space [M.'' x Tp ] = M*^ x [Tp ] , so that [{x, z)] = {x,[S]), 
and has exploded functions equal to functions of the form f{x, \u!i] , . . . , Iwn] )t'^5", 
where / : M'= x C" — > C* is smooth. 

Example 2.17. 
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Given a smooth manifold M and m complex line bundles on M , we can 
construct the exploded fibration M x T™ as follows: Denote by E the corre- 
sponding space of m C* bundles over M . This has a smooth free (C*)™ action. 
The exploded fibration Tp also has a (C*)™ action given by multiplying the 
coordinates 5i, . . . ,z,„ by the coordinates of (C*)™. M xi Tp is the exploded 
fibration constructed by taking the quotient of Ex Tp by the action of (C*)™ by 
(c, c~^). As the action of (C*)"* is trivial on [TpJ , the tropical part of M xi 1™ 
is still defined, and is equal to P. 

Alternately, choose coordinate charts on E equal to [/ x (C*)™ C K" x C". 
The transition maps are of the form (u, zi, . . . , Zm) ^ . . . , fm{u)zm)- 

Replace these coordinate charts with U x T™ C M" x 1™, and replace the above 
transition maps with maps of the form (w, zi, . . . , z^) ^ {4>(u), . . . , fm(u)zm)- 

The map to the tropical part [Af x TpJ P in these coordinates is given by 

. . . ,z„)J = (L^iJ, . . . , L^nJ) e P 

Definition 2.18. exploded fibration *B is 6asic i/ 

1. There exists a Hausdorff topological space [Q5J called the tropical part of 
*B, along with a map 

L-J :{p^»}^[*B]^ L*BJ 

2. The space [*BJ is a union of strata [Q5iJ so that 

(a) Each strata C \JB\ is an integral affine space equal to some 
open convex integral affine polygon in ^ of the form considered in 
examvle \2.1b\ (The dimension k depends on the strata.) 

(b) The closure of [5B,;J C \JB\ is a union of strata which is also equal 
to an integral affine polygon [!BiJ of the form considered in example 
\2.16\ with some strata identified. 

3. Use the notation *Bi for inverse image of [S^J under the map [-J , and call 
this a strata of ?B . 

(a) Each strata 03^ has a smooth part [Si] which is a smooth manifold. 

(b) Each strata 05^ is equal to an exploded space [Sj] x "^[(g.j using the 
construction of example \2.17\ The map [-J restricted to *Bi is the 
map [-J : [05;] x Tj^'tg.j — > from example \2. 1 7[ 

(c) There is a neighborhood of each strata *Bi which is open in [05] which 
is isomorphic to some subset of [OSi] x '^j^-j which is a topologically 

open neighborhood of [05^] x Tj|^fg.j C [05,] x '^j^-j- 

It is an easy exercise to check that if 05 is basic, the smooth part [05] is also 
a stratified space, with strata equal to the manifolds [05^] . The stratification 
of [05] is in some sense dual to the stratification of [05] in that [05,] is in the 
closure of [05j] if and only if [05j] is in the closure of [05;]. 

All our examples up until now apart from those introduced in example 12. 151 
have been basic. Another example of an exploded fibration that is not basic is 
given by quotienting M x T by (a;, z) = (x+ 1, z~^). A less pathological example 
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of an exploded fibration that is not basic is given by the quotient of 2 by 5 = t^z. 
Any exploded fibration is locally basic. 

To summarize the topological spaces we have involved in the case where *B 
is basic, we have the following topological spaces. 



The smooth or topological part [*B] . Any continues morphism of *B to a 
Hausdorff topological space factors through [03] . The smooth part of a 
smooth manifold M is M. The smooth part of 1" is a single point. 

The tropical part [Q5J . This is a stratified integral affine space, which can 
be thought of as what 55 looks like on the large scale. The tropical part 
of a connected smooth manifold is a single point. The tropical part of X" 
ist«". 

The underlying topological space [*B]. This strange topological space is 
a mixture of [25] and [*BJ . It is the topological space on which £ ^ is a 
sheaf, and this is the topology in which 05 is locally modeled on R" x T™. 

In the case that 05 is not a manifold, the set of points {p 05} is not 
Hausdorff in any of the above topologies. We can put a topology on this 
set by choosing the strongest topology in which all continuous morphisms 
from manifolds into 05 are continuous maps to {p — > 05}. For example 
{p — !■ T}} is homeomorphic to the disjoint union of [0,oo) copies of C*. 
(When we have defined tangent spaces and metrics on exploded fibrations, 
this would be the topology coming from any metric.) 



The following is a picture of an 'exploded curve' built up using coordinate 
charts modeled on open subsets of T}. Note that [£] is what we would see if 
we mapped £ to a smooth manifold. On the other hand, we would see [£J if we 
mapped C to T". 
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Definition 2.19. An exploded T morphism f : 05 — > € is complete if the 
following conditions hold 

1. f is topologically proper. 

2. Any map 

extends to a continuous map T|q — > if and only if the map fog 

extends to a continuous map Tjp — > £. 

We say that an exploded fibration 05 is complete if the map from 05 to a point 
is complete. 

The notation T^q is that introduced in example 12.161 An equivalent way 
of stating the second condition is that the map [g] : (0, 1) — > [05] extends to a 
continuous map [0, 1) — > [05] if and only if [/ o g] : (0, 1) — > [£] extends to a 
continuous map [0, 1) — > [£] 

Complete maps should be thought of as being analogous to proper maps. 
A smooth manifold is complete if and only if it is compact. An example of a 
non-compact exploded fibration which is complete is T". In the case that OS is 
basic, completeness means that the topological part [OS] is compact, and the 
tropical part [05J is a complete stratified integral affine space. 

An interesting example of an exploded fibration which is topologically com- 
pact but not complete is given by the following: Let Af x T be the product of a 
compact manifold with T. This is complete, but we can construct an interesting 
non complete example as follows: choose an open subset U C M. Consider 
the subset of Af x T given by the union of U x T(_^ with M x TJq The 
smooth part of this is the compact manifold A/, but it is not complete. 

An example of an interesting exploded fibration which is complete but not 
basic is given by the quotient of M x T by {x, z) = {x + 1, l^z). 

The following lemma is easy to prove: 
Lemma 2.20. 1. if f and g are complete, then f o g is complete. 
^- ^f f ° 9 complete, then g is complete. 

2.3 Tangent space 

Definition 2.21. A smooth exploded vectorfield v on ^ is determined by maps 

V : C°°(05) — > C°°(05) 



w:£:(05) — ^f(OS) 



so that 
1. 

2. 



v{f + 9) - v{f) + v{g) 



v{f9) = w(/).9 + fv{g) 
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3. 



v{ctyf) = ctyvif) 



4- The action ofv is compatible with the inclusion i : C°° > £ in the sense 

that 

viif) - «'(/) 

Smooth exploded vectorfields form a sheaf. The action of the restriction of v 
to U on the restriction of f to U is the restriction to U of the action ofv on f . 

We can restrict a vector field to a point p *■ *B to obtain a tangent vector 

at that point. This is determined by maps 

V : C°°(<B) — > M 

V : £(*B) — > Ct* 
satisfying the above conditions with condition replaced by 

vifg) = v{f)g{p) + f{p)v{g) 

Denote by TpDS the vector space of tangent vectors over p > 03. 

We can add smooth exploded vectorfields and multiply them by smooth 
real valued functions. We shall show below that the sheaf of smooth exploded 
vectorfields is equal to the sheaf of smooth sections of r*B, which is a real vector 
bundle over 03. 

Lemma 2.22. Differentiation does not change the order of a function in the 
sense that given any smooth exploded vectorfield v and exploded function f (z £, 

L/J = [vf\ 

Proof: 

vt° = v{l1)^ Ot° 

Now we can apply v to the equation / = lt°/, so vf = Ot"/ + lt°u/. Taking 
[•J of this equation gives 

[vf\ = L/J + b/J i-e. [vf\ > L/J 

(Recall that we use the order < if a; > y as we are thinking of t as being 
tiny. So ^ + t'^ = P means that > t^.) Now, 

vl" = v{ei°) = eOt° = 01" 

Now suppose that at some point lvf\ > L/J • Then we can restrict to a small 
neighborhood of this point, and choose an a so that lvf\ > t° > L/J ■ But then 
/ + e = t'', but lv{f + P)J = lvf\ + Lt°J = lvf\ , which is a contradiction, and 
the lemma is proved. 

□ 

Lemma 2.23. For any smooth exploded fibration 03, there exists a smooth ex- 
ploded fihration r03, the tangent space of 03, along with a canonical smooth 
projection tt : r03 — *■ S that makes r03 into a real vector bundle over 03. The 
sheaf of smooth exploded vectorfields is equal to the sheaf of smooth sections of 
this vector bundle. 
In particular, 
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Proof: 

We shall first prove that T(R" x 1^) = R2"+2m ^ X^. We shall use co- 
ordinate functions Xi for K." and Zi for T™ , as in example 12.71 on page [Sj A 
section of M2n+2m ^ (j-m — ^ ^ rj™ is given by n + 2m smooth functions on 
M" X T™. To a vectorfield associate the n smooth functions v{xi), and the 
m smooth complex valued functions given by \v{zi)z~'^'\. (Lemma [222] tells 
us that [z~^w(zi)J = t", so this makes sense.) This gives us n + 2m smooth 
real valued functions, and therefore gives us a section to associate with our 
vectorfield. 

Now we must show that the arbitrary choice of n + 2m smooth functions on 
T™ to equal v{xi) and \v{zi)z~^~\ will uniquely determine a smooth exploded 
vectorfield. 

First, recall that exploded functions are a sum of functions of the form /t^z", 
where / is some smooth function of x and . Use the notation 

There is the following formula for v{f) which follows from the axioms: 

v{f) = E^(^^)^ + E ^ + » 

I -J aJ 

Note that this is well defined, despite the fact that and are not 
necessarily well defined. Note also that this is a smooth function, and is real 
valued if / is real valued. The corresponding formula for an exploded function 
is 

/at^"5"^ := E (^(/") + /aE"^«(^~')^r'^ 

It can be shown that v satisfying such a formula satisfies all the axioms for 
being a smooth exploded vectorfield, is well defined, and is zero if and only if 
v{xi) = and \v{zi)z~^~\ = 0. 

This shows that TR" x T^' = ]^2n+2m ^ rjm rpj^g lemma then follows from 
our coordinate free definition of a smooth vectorfield, and the fact that every 
smooth exploded T fibration is locally modeled on exploded fibrations of this 
type. 

□ 

For any smooth exploded T fibration 5B, we now have that TQ5 is a real vector 
bundle. In local coordinates {xi,Zj}, a basis for this vectorbundle is given by 
{^} and the real and imaginary parts of {zi^}. The dual of this bundle r*S 
is the cotangent space. A basis for this is locally given by {dxi} and the real 
and imaginary parts of {z~^dzi}. We can take tensor powers (over smooth real 
valued functions) of these vector bundles, to define the usual objects found on 
smooth manifolds. For example, a metric on *B is a smooth, symmetric, positive 
definite section of r*«B «) T*<8. 

Definition 2.24. An integral vector v at a point p — > 03 is a vector v G TpS 
so that for any exploded function / G 5^ (^)j 

v{f)f-' G Z 

Use the notation ^Tp^ C TpS to denote the integral vectors at p — s- 5B. 
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For example, a basis for ^Tl" is given by the real parts of Zi-^- The only 
integral vector on a smooth manifold is the zero vector. 

Given a smooth morphism / : 05 — > £, there is a natural smooth morphism 
df : r*B — > T(L which is the differential of /, defined as usual by 

df{v)g := v{g o /) 

Of course, df takes integral vectors to integral vectors. 

2.4 C^'^ regularity 

In this section, we define the topology in which we shall prove our compactness 
theorem for holomorphic curves. The regularity (7°°'* is the level of regularity 
that the moduli stack of holomorphic curves can be expected to exhibit. A C°°'^ 
function is a generalization of a function on a manifold with a cylindrical end 
which is smooth on the interior, and which decays exponentially along with all 
its derivatives on the cylindrical end. The reader wishing a simple introduction 
to holomorphic curves in exploded T fibrations may skip this somewhat technical 
section on first reading. 

The following is a definition of a strata of an integral affine cone, similar to 
the definition of strata given in definition 12.181 on page [T51 

Definition 2.25. The closure of a strata of an integral cone A :— {t° ; a • a* > 

0} is a subset of A defined by the vanishing of a ■ a for some a G A* . A strata 
S of A is a subset which is equal to the closure of a strata minus the closure 
of all strata of smaller dimension. The zero substrata is the substrata on which 
a ■ a = for all a Cz A* . 

Definition 2.26. Given any C" function f defined on a strata S C A in R" x 
define 

esif)ix,z) :-/(a;,zt'^) 
where t" :— (t°^ , • ■ ■ , t""*) is any point in S, and zt" means (zit^^ , • ■ ■ , ^mt"'")- 
For example, := T^^, has two one dimensional strata 

Si { lh\ = t°, L^iJ 7^ t"} 52 := { L^iJ = t°, [h\ ^ t"} 
If we have a function / e C''(T2), then 

esi/(2i, ^2) = /(O, zi) esJ{zi,Z2) = f{zi,0) 
Note that the operations eg^ commute and es^es^ = 65.. 

Definition 2.27. // / denotes any collection of strata {Si,. . . , Sn} , we shall 
use the notation 

eif ■■= {es2 (• 
A// := ( n (id 



■■esj)) 
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For example, 



^SuS2f{zi,Z2) := (1 - esi)(l - es^){.f){zi,Z2) 

:= f{zi,Z2) - /(O, Z2) - /(^i, 0) + /(0, 0) 

Note that if S € I, esAj = 0. In the above example, this corresponds to 
As„sj(zi,0) = and As„sJ{0,Z2) = 0. 

Wc shall need a weight function wj for every collection of nonzero strata 
/. This will have the property that if / is any smooth function wJ^Aif will 
be bounded on any topologically compact subset of M" x (in other words, 
a subset with a compact image in the topological part [M" x T™]). Consider 
the ideal of functions of the form so that A/[z"] = [z"] (In other words, 
esf^:"] = for all S e /.) Choose some finite set of generators {^"'} for this 
ideal. Then define 

Continuing the example started above, we can choose wsi = \zi\, = \z2\, 
'u^Si,S2 = V\Z2\, and wg^r^s^ = V\\ + \z2\- 

Note that given any other choice of generators, the resulting w'j is bounded 
by a constant times wj on any topologically compact subset of M" x T™. Note 
also that luj'tuj' is bounded by a constant times Wju/' on any topologically 
compact subset of x 1^. 

We shall now define C'''^ for any < 5 < 1: 

Definition 2.28. Define C"'* to be the same as . A sequence of smooth 
functions fi G C°°(M" x T™) converge to a continuous function f in C'^'''(M"' x 
) */ following conditions hold: 

1. Given any collection of at most k nonzero strata I, 

\wj'Ai{fi-f)\ 

converges to uniformly on compact subsets of [M" x T™] as i —> oo. 
( This includes the case where our collection of strata is empty and fi^f 
uniformly on compact subsets.) 

2. For any smooth exploded vectorfield v, v{fi) converges to some function 
vf in C'=-i'*. 

Define C'^'''(R" x T^) to be the closure of C°° in C° with this topology. 
Define C°°'^ to be the intersection of C^'^ for all k. 

In particular, C'' C C^'^ for < J < 1. Functions in C^^^ can be thought of 
as functions which converge a little slower than C*^ functions when they approach 
different strata. Thinking of a single strata as being analogous to a cylindrical 
end, this is similar to requiring exponential convergence (with exponent 5) on 
the cylindrical end. We shall now start showing that we can replace smooth 
functions with C°°'^ functions in the definition of exploded torus fibrations to 
create a category of C°°'^ exploded torus fibrations. 
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Definition 2.29. A C'^'* exploded function f e ><(M" x T^) is a function 
of the form 

f{x,z) := g{x,z)z"e where g e C'''^ (R" x T^,€.*) , a&ir^fe t* 

A sequence of exploded functions g'^z"i°'' converge in C°°'^ if the sequence of 
functions g^ does, and the sequence ai is eventually constant. 

A C'^'^ exploded fibration is an abstract exploded fibration locally modeled on 
open subsets of M" x T™ with the sheaf S'^'^' ^ . 

The following observations are easy to prove: 
Lemma 2.30. C'^'^ is an algebra over C°° for any < S < 1. 
Lemma 2.31. Given any 'linear' map 

a : M" X 1^ — >W' X Tg' 

where M is a n by n' matrix and aj is a m by m' matrix with Z entries, a 
preserves C°°'^ in the sense that given any function f G C°°'''(K" x 1^ ), 

aofe C°°^^ (M" X TJ) 

More difficult is the following: 

Lemma 2.32. Given any C'''^ section o/T(IR" x T^), we can define a map of 
the form 

exp(/)(a;, zi, . . . , Zra) := (x + /m" {x, z), e^^^^'^^^i, . . . , e^-^^'^^^^) 

// h is in C'''^ , then h o exp / is. 
Proof: 

We must show that expressions of the following form decay appropriately. 

A/(/ioexp/) 

Note that 

es{h o exp /) = (esh) o exp(es/) 

A little thought shows that we can rewrite our above expression in the following 
form 

A/(/ioexp/)= ((e/'A/'//i) o expoA//) / 

/'u/"=/,/'n/"=0 

As an example for interpreting the notation above, we write 
{h o exp oAs) f := ho exp f — ho exp{esf) 

as opposed to 

h o exp (As/) ■.= ho exp(/ - esf) 
20 



We have that because / is bounded on compact sets, 

(Ajh) o / decays appropriately. 

We can bound expressions of the form 

{iAi,h)oexpoAi„)f 

by the size of the first |/"| derivatives of Aj/h times the sum of all products of 
the form Y[ \Ai-f \ where /" is the disjoint union of {/;}. We therefore get that 
all of the terms in the above expression decay appropriately. The appropriate 
decay of the derivatives of h o exp/ follows from the fact that C°°'^ is closed 
under multiplication, and a similar argument to the above one. 

□ 

Consider a map for which the pull back of exploded coordinate functions is 
in S^'^'^ and the puUback of real coordinate functions is C'^'^ . Any map of this 
form factors as a composition of maps in the form of Lemma 12.311 and Lemma 
12.321 (first a map in the form of Lemma 12.311 to the product of the domain and 
target, then a map of the form of Lemma [2. 321 then a projection to the target, 
which is of the form of Lemma [2.311 ) We therefore have the following: 

Corollary 2.33. A morphism is C^'^ if and only if the pull back of exploded 
coordinate functions are S'^'^^^ functions, and the pull back of real coordinate 
functions are C^'^ functions. 

We shall need the following definition of convergence. 

Definition 2.34. A sequence of C^'^ exploded maps /* : 21 — > 03 converges to 

f : 21 *■ 05 in C'^'^ if the pullback under of any local coordinate function on 

03 converges in C'^'^ to the pullback under f . 

2.5 Almost complex structures 

Definition 2.35. An almost complex structure J on a smooth exploded T fi,- 
bration *B is an endomorphism ofT^ given by a smooth section of T% ®T*^ 
which squares to become multiplication by —1, so that for any coordinate chart 
modeled on an open subset ofW^ xT™ J of the real part of Zi-^ is the imaginary 
part. 

An almost complex structure J is a complex structure if there exist local 
coordinates z G T™ so that for all vectorfields v, iv{zj) — {Jv){zj). 

This differs from the usual definition of an almost complex structure only 
in the extra requirement that in standard coordinates, {.Jv)zj = ivzj which is 
only required to hold when Zj is locally a coordinate on T. For instance, on 
T}, this requirement is only valid when [zJ < t*^. This extra requirement makes 
holomorphic curves C°°-^ exploded T morphisms, and makes the tropical part of 
holomorphic curves piecewise linear one complexes. If it did not hold, then we 
would need to use a different version of the exploded category using R* instead 
of C* to explore holomorphic curve theory. The analysis involved would be 
significantly more difficult. 

The following assumption allows us to use standard (pseudo)holomorphic 
curve results. 
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Definition 2.36. An almost complex structure J on ^ is civilized if it induces 
a smooth almost complex structure on the smooth part o/5B. This means that 
given any local coordinate chart modeled on 1™, if we consider T™ as a subset 
of defined by setting some monomials equal to 1, there exists an almost 
complex structure J on S™ which induces a smooth almost complex structure 
on [T™ ] — C" so that the subset corresponding to T™ is holomorphic, and the 
restriction of J is J. 

The word civilized should suggest that our almost complex structure is well 
behaved in a slightly unnatural way. Any complex structure is automatically 
civilized, and there are no obstructions to modifying an almost complex struc- 
ture to civilize it. If we assume our almost complex structure is civilized, then 
holomorphic curves are smooth maps. Otherwise, they will just be C°°'^ for any 
5<1. 

Example 2.37. 

Suppose that we have a complex manifold M along with a collection of im- 
mersed complex submanifolds Ni so that Ni intersect themselves and each other 
transversely. Then there is a smooth complex exploded fibration Expl(M) called 
the explosion of M . (There is actually a functor Expl from complex manifolds 
with a certain type of log structure which is defined by the submanifolds Ni to 
the category of exploded fibrations.) 

We define Expl(Af ) as follows: choose holomorphic coordinate charts on M 
which are equal to balls inside C" , so that the image of the submanifolds iV^ are 
equal to the submanifolds {zi — 0}. Then replace a coordinate chart U C C" 
by a coordinate chart U in TJ^ with coordinates Zi so that 

U := {S so that [f] e U} 

Define transition functions as follows: the old transition functions are all of 
the form fi{z) = Zjg{z) where g is holomorphic and non vanishing. Replace 
this with fi{z) = Zjg{\z\), which is then a smooth exploded function. This 
defines transition functions which define Expl(M) as a smooth complex exploded 
fibration. 




Definition 2.38. An exploded T curve is a 2 real dimensional, complete ex- 
ploded T fibration with a complex structure j . 

A holomorphic curve is a holomorphic map of an exploded T curve to an 
almost complex exploded fibration. 
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A smooth exploded curve is a smooth map of an exploded T curve to a ex- 
ploded T fibration. 

By a smooth component of a holomorphic curve £, we shall mean a connected 
component of the set of points in <t which have a neighborhood modeled on an 
open subset of C. By an edge of £ we shall mean connected component in [€] 
minus the image of all smooth components. We shall call edges that have only 
one end attached to a smooth component 'punctures'. Each smooth component 
is a punctured Riemann surface with punctures corresponding to where it is 
connected to edges. The information in a holomorphic curve £ is equal to 
the information of a nodal Riemann surface plus gluing information for each 
node parametrized by C*t^°'°°^ (for more details of this gluing information see 
example 12.471 on pagel^. 

[/(£)] C LT"J 




Example 2.39. 

Consider a smooth curve / : £ — > T". This is given by n exploded functions 
f*{zi), . . . , f*{zn) e £^(£). Each smooth component of £ is sent to the (C*)" 
worth of points over a particular point in the tropical part [T"J . We can choose 
local holomorphic coordinates w G 1} on £. In these coordinates, 

f{w) = {g^{\w-\)e'w"\...,gn{\w-\)^''"w'^-) 5^ e C°°(C, C*), a G Z" 

(Our smooth curve is holomorphic if and only if the functions gi in our local 
coordinate representation above are holomorphic.) In particular, / restricted 
to a smooth component gives a smooth map of the corresponding punctured 
Riemann surface to (C*)", and the homology class in Hi ((C*)") of a loop 
around the puncture corresponding in the above coordinates to \w\ = is given 
by a. Of course, the sum of all such homology classes from punctures of a 
smooth component is zero. As a also determines the derivative of / on edges, 
this can be viewed as some kind of conservation of momentum condition for the 
tropical part of our curve, [/J . In tropical geometry, this is called the balancing 
condition. 

Example 2.40. 

One way to consider the image of some holomorphic curves in T" is as the 
'locus of noninvertablity' of some set of polynomials 

Pi{z) := ^ Ci,a5" i = 1, . . . , n - 1 
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We can consider the set 

Z[p^} := {S so that Pi{z) e Ot"" Vi} 

Suppose that for all points p — > Z^p.j, the differentials {dPi} at p are linearly 
independent. Then Z^p.y is the image of some holomorphic curve. 

Let us examine the set Z^p.y more closely. For any point zq, denote by Si^zo 
the set of exponents a so that [fi(5o)J = [ci,az"\- Then there exists some 
neighborhood of [^oj in L^"J that 

The points inside Z^p.y over [zo\ are then given by solutions of the equations 
Ci^az" = where Ci^a = Ci,alci,a\ and z = zlz\ 

Note that the above equation has solutions for z G (C*)" if and only if Si^zo has 
more than 1 element. This corresponds to the tropical function [PjJ (which is 
continuous, piecewise integral affine, and convex) not being smooth at [zo\ ■ We 
therefore have that [Z^p.y] is contained in the intersection of the non-smooth 
locus of the tropical polynomials [PjJ . 

2.6 Fiber product, refinements 

Definition 2.41. Two smooth (orC'^'^) exploded morphisms 

are transverse if for every pair of points pi — > 21 andp2 — > S so that f{pi) = 
g{p2), df{Tp,^) and dgiTp,^) span Tf^p,)<t. 

Definition 2.42. If f and g are transverse smooth (or C'''^) exploded mor- 
phisms, 

The fiber product 21 /Xg 03 is the unique smooth (or C'^'^) exploded T fibration 
with maps to 21 and 05 so that the following diagram commutes 

2t/Xg<B — y 21 

i I 
05 — > £ 

and with the usual universal property that given any commutative diagram 

T) — > 21 

i i 
05 — > € 

there exists a unique morphism D — > 21 fXg^ so that the following diagram 
commutes 

S) ^ 21 

i \ T 
03 ^ 2t/Xg05 
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The existence of the fiber products defined above is left as an exercise. The 
existence in some special cases was proved in |12) . 

Example 2.43. 

Consider the map / : T™ — > T" given by 

Denote by a the m x n matrix with entrys a*. The derivative of / is surjective 
if a : M™ — » M" is. Denote by |a| e N the size of A • • • A a" S A"(^'")- 
(In other words, |a| G N is the smallest number so that the above wedge is at 
most \a\ times any nonzero element of /\"(Z™).) The fiber product of / with 
the point (!,...,!) corresponds to the points in T™ so that = 1 for all i. 
This is then equal to |a| copies of T^eT",-,^ where we identify t"* = t''°' ". 

The following should not be difficult to prove. 
Conjecture 2.44. /// and g are complete and transverse 

then the fiber product 21 / Xg *B — > £ is complete. 

Definition 2.45. A family of exploded T fibrations over ^ is a map f : £ — > 5 

so that: 

1. f is complete 

2. for every point p — > 

df : Tp€ — > 'I'f{p)'S is surjective 
and df : ^Tp€ > ^Tp^ is surjective 

(The definition of complete is found on page [121 Recall also that integer 
vectors in ^Tp£ are the vectors v so that for any exploded function, vf is an 
integer times /. For example on T the integer vectors are given by integer 
multiples of the real part of z-^, so the map T — > T given by is not a family 
as it does not obey the last condition above.) 

The local normal form for coordinate charts on a smooth family is a map 
1™ — > 1^ given by (z, w) i-^ z, where the cone B is given by the projection of 
A to the first k coordinates, and the projection of every strata of A is a strata 
of B. This may differ from a product because the cone A may not be a product 
of B with something. 

Example 2.46. 

We can represent the usual compactified moduli space of stable curves M.g^n 
as a complex orbifold. There exist local holomorphic coordinates so that the 
boundary of A^g^„ in these coordinates looks like {zi = 0}. As in example 12.371 
on page 1221 we can replace these coordinates Zi with Zi to obtain a complex 
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orbifold exploded fibration Expl(A^g_„). The forgetful map tt : Mg^n+i — > 
Mg,n induces an map 

TT : Expl {Mg,n+l) > Expl {Mg,n) 

This is a family, and each stable exploded curve with genus g and n marked 
points corresponds to the fiber over some point p — > Expl (Mg^n) ■ This ex- 
ample is considered in a little more detail in [1^. (Obviously, it would take a 
little more work to prove that ExplA^g.„ actually represents the moduli stack 
of stable exploded curves, but that is not the subject of this paper.) 

Example 2.47. 

The following example contains all interesting local behavior of the above 
example. It is not a family only because it fails to be complete (it is not 
topologically proper) . Consider the map 

TT : I2 — > 2^1 given by n*z — W1W2 

The derivative is surjective, as can be seen by the equation 

The fibers of this map over smooth points z — ct*' are smooth manifolds equal 
to C* considered just as a smooth manifold with coordinates wi and W2 G C* 
related by 'W1W2 = c. (Note that there is no point with z = Ot".) 

In contrast, the fibers of this map over points z = ct^ with a; > are not 
smooth manifolds. They can be described using coordinates wi,'W2 G ^[0 x) 
T}, and transition maps give by W2W2 = ct^ on their intersection, which is 
TL The picture below shows some of the fibers of this map 




Deflnition 2.48. A refinement o/Q3 is an exploded T fihration OS' with a map 
/ : — > » so that 

1. f is complete 

2. f gives a bijection between points in S' and S 

3. df is surjective 
Example 2.49. 

All refinements are locally of the following form: Suppose that the integral 
affine cone ^ C is equal to the union of a collection of cones {Ai} so that 
the intersection of any two of these Ai has codimension at least 1. Then using 
the standard coordinates {x,z) from example 12.71 (on pagelH]) on R" x for 

each Ai , we can piece the coordinate charts M" x together using the identity 
map as transition coordinates. In these coordinates, the map down to M" x 1™ 
is again the the identity map in these coordinates. (The fact that all refinements 
are locally of this form can be proved using the observation that the pull back 
of coordinate functions on 05 must locally be coordinate functions on 05'.) So 
in the case that 58 is basic, a refinement is simply determined by a subdivision 
of the tropical part . The effect on the smooth part [?B] should remind the 
reader of a toric blowup. 

The following lemma follows from the above standard local form for refine- 
ments. 

Lemma 2.50. Given a refinement of 

/ : 21 — » » 

Any smooth exploded vector field v on ^ lifts uniquely to a smooth exploded 
vector field u on 2t so that df{v) — v. 

The above lemma tells us that any smooth tensor field (such as an almost 
complex structure or metric) lifts uniquely to a smooth tensor field on any 
refinement. The above normal form implies that given any morphism £ — > *B 
and a refinement 05' — > 05, there exists a refinement £' — > £ and a morphism 
£' — > 05' lifting the above map. 

Definition 2.51. Call a holomorphic curve stable if it has a finite number 
of automorphisms, and is not a nontrivial refinement of another holomorphic 
curve. 

If 05 has an almost complex structure, there is a bijection between stable 
holomorphic curves in 58 and stable holomorphic curves in any refinement 05'. 
In fact, when the moduli space of stable holomorphic curves in 05 is smooth, the 
moduli space of stable holomorphic curves in *B' is a refinement of this moduli 
space. 
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2.7 Symplectic structures 

Our definition of symplectic structures below should be regarded as provisional. 

Our definitions arc enough to tame holomorphic curves, which is all that is 
required for this paper, but there is probably a better theory of symplectic 
structures on exploded fibrations. 

Definition 2.52. A symplectic exploded T fibration (!B, lo) is an even dimen- 
sional exploded T fibration *B with a two form lo so that each point has a neigh- 
borhood equal to an open set in M^" x 1™ with a two form defined as follows 

u) := a;R2n — i ^ dz"^ A dz"^ 



Here cjK2n is the standard form on M " and {a^} is some finite set generating 
A*. 

The second part of this symplectic form can be written as 

y^^d{aid9i) 



Cti 



U"" or a := \ z'' 
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By d6i, we mean the imaginary part of z dz. The Hamiltonian torus action 

on this standard model given by the vcctorfields has moment map given by 
a := (ai, . . . , a„) C R". The image of this moment map is the dual cone to A 
defined by 

{a so that a • a > for all a e A} 

Example 2.53. 

Suppose that we have a compact symplectic manifold M with some collec- 
tion of embedded symplectic submanifolds Ni which intersect each other or- 
thogonally. (In other words, if x G iVi n Nj, the vectors v G T^M so that uj{v, •) 
vanishes on T^Ni are contained inside T^Nj.) Then a standard Moser type 
argument gives that there exists some collection of neighborhoods Ui of Ni so 
that: 

1. Ui is identified with some neighborhood of the zero section in a complex 
line bundle over Ni (with T action given by multiplication by e'^), and a 
T invariant connection one form Oi so that lo = uj^. + d{rfai), where 
indicates some radial coordinate on the line bundle, iVj is identified with 
the zero section, and con^ indicates the puUback of the form u under the 
projection to Ni. 

2. These identifications are compatible in the sense that on Hie/ 
different projections to Ni and the T actions commute, and 

where ^. is the puUback of u under the composition of projection maps 
to r\Ni. 
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We can associate an exploded T fibration to the above as follows: 

1. Choose coordinate charts V on M which are identified with open balls in 
C" so that the intersection of V with the submanifolds Ni is equal to the 
union of the planes Zfc = 0. li Ni intersects this coordinate chart, it does 
so where some coordinate ~ 0. Choose these charts so that the fibers 
of the complex line bundle over Ni are identified with the slices where all 
other coordinates are constant, and the T action is multiplication of z^. 
by e*'', and n = jzfej. 

2. Replace V C C" with the corresponding subset of 1^, where each coordi- 
nate Zi is replaced by the standard coordinate Zi. Replacing Zi with Zi in 
transition functions between these coordinates gives transition functions 
which are smooth exploded isomorphisms, which defines an exploded fi- 
bration dJl. A standard Moser type argument then gives that the two form 
on SJt corresponding to u is in the form defined above. 

The following is a picture of the result of this procedure on a toric symplectic 
manifold, where for our symplectic submanifolds we use the fixed loci of circle 
actions. We shall represent the smooth part [9Jt] by its moment map: 




Definition 2.54. An almost complex structure J on a symplectic exploded T 
fibration (S,Cij) is tamed by uj if uj{v, Jv) is positive for any vector v so that 
vf^O for some smooth function f . 

The above definition of taming is clearly inadequate for taming holomorphic 
curves in T" where it is satisfied trivially by a two form that is identically 
because all smooth functions on T" are locally constant. We remedy this as 
follows: (Note that we shall use freely the fact that any holomorphic curve in 
03 lifts to a holomorphic curve (with a refined domain) in *B' for any refinement 
05' — > 03.) 

Definition 2.55. A strict taming of a complete almost complex exploded T 
fibration 03 is a set D, of closed two forms on refinements o/03 containing at least 
one symplectic form. Each form in must be nonnegative on J holomorphic 
planes, and there must exist a metric g on 03 and a positive number c > 
smaller than the injectivity radius of g so that 
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1. Given any smooth exploded T curve f : € — > 05, the u energy, f*uj is 
a constant independent o/ cj G £7 

2. Given any point p — > *B, there exists a taming form Wp £ so that on 
the ball of radius c around p, 

ujp{v, Jv) > g{v,v) 

The f2 energy of a map f : £ — > 05 where £ is two dimensional and oriented 
is given by 

En{f) ■= sup / f*Lo 

For example, any compact almost complex manifold tamed by a symplectic 
form is strictly tamed by that symplectic form. A strict taming is what is needed 
to get local area bounds on holomorphic curves. 

The following example is very important for applications of the theory of 
holomorphic curves in exploded T fibrations. 

Lemma 2.56. Suppose that a symplectic exploded fibration (05, lj) satisfies the 
following: 

1. ^ is basic and complete. 

2. All strata of the base [05J have the integral affine structure of either a 
standard simplex or 11"'°°) 

// the above hold, then there exists some civilized almost complex structure J 
and a strict taming il of (05, J) so that lu d Q. 

Proof: 

Each strata 5Bi is in the form of some '^^"(g .j bundle over the interior of a 
smooth compact symplectic manifold (Mi,ujMi) with a collection of orthogo- 
nally intersecting codimension 2 embedded symplectic submanifolds Mj like in 
example 12.531 on page [2S1 (There is one such Mj for each strata [05jJ which 
has [05iJ as a boundary face). By interior we mean the complement of these 
symplectic submanifolds. 

As in example 12.531 there exists a neighborhood of Mj, Uij C M, which is 
identified with a complex line bundle over with radial coordinate r^^j and 
connection one form a^j so that ujMi — ^Mj + d{rf jaij). We can make these 
identifications compatible in the sense that if Mk is the intersection of Mj-^ and 
, then on Uij^ D Uij^ , 

UJM, = ^M, + d-irlj.a^^j, ) + d(r--j,a,j j 

the T actions and projections from the line bundles commute, and r^.j^ and 
a^jj are the puUback of rj^_k and aj^^k under the projection to M^v,. (To con- 
struct these identifications compatibly, start with the strata [05iJ of highest 
dimension.) 
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We can arrange this so that in local coordinates in Ui,j the fiber coordinate 
z is actually the smooth part of some coordinate z from a coordinate chart on 
05. As 03 is complete, there exists some rp > so that the tubular neighborhood 
around Mj of radius is always contained inside Ui_j. 

We can choose an almost complex structure J tamed by uj so that on Ui^, 
J is the usual complex structure restricted to the fibers of our line bundle, and 
is determined by this and the lift (using our connection a^.j) of some almost 
complex structure Jj on Mj. (Note that such a J will be civilized in the sense 
of definition 12.361 on page [HI ) 

Denote by ilj a connected open subset of 05 which is the preimage of the 
union of all Ui,j in [05]. (This is an open subset that contains the strata 05j.) 
There exist ]R*t*^ valued functions rij defined on ilj who's smooth part is equal 
to rij, so that locally there exist standard coordinates so that fij = Ck\zk\, 
and so that HiL'^i.jJ = ^'^ L^jJ simplex of finite size. Note that if [05jJ has 
nonzero dimension, then any adjacent strata 05fc with [05a;J of nonzero dimension 
has the same size, and must obey a similar equation JlL^i,fcJ — with exactly 
the same constant t^. 







lri,j\ [f2,j\ = t= 















We now provide a strict taming Q which for each point p — > 05 includes 
some symplectic form tOp taming J well in a neighborhood of p as in part [2] of 
the above definition of a strict taming. We do this as follows: Suppose that 
p e ilj so that fi.j{p) < ^ and fj^i > ^ for all i so that this makes sense. 
Consicier the set Sp C R*? given by the coordinates of p, fij{p). We shall 
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define ojp on a refinement of S determined by a subdivision of the base [2SJ as 
in example 12.61 on page [271 Subdivide the strata [S^J by the set of all planes 
of the form {[r^^J g L'^'pJ}- (This is the set of planes through p parallel to 
the boundary of the strata and their image under any symmetry of the strata.) 
Similarly subdivide all strata ^B^ connected to through strata with nonzero 
dimensional bases by the planes {[r^j j G [SpJ}. This subdivision of [f8J defines 
a refinement of *8 as in example 12.61 




We can now define a symplectic form ujp on the refinement of 25 defined 
above as follows: First choose a function 



so that 



0(f) Vf > 2t° 

and considered as a function : M* — > K, is smooth, increasing and 

^^>iforaU^<r<V2 
dr r v2 

Also choose some smooth monotone function p : M — > R so that p{x) = x for 

2 2 

all a; > Tq and p{x) = ^ for all a; < ^. 
Now define /i : Rn"*"^ — > E by 

h{f) :=p([f^]) + -^ ^ 0(fi-i) 

We shall be replacing with h{f) in what follows: the relevant properties of 
h is that it agrees with for f large enough, is for f small enough, and 
has sufficiently large derivative close to points where r € Sp, and is monotone 
increasing. On iij we have that w — lum^ + J2 '^(^f jO^ij)' shall replace this 
with 

:= cJMj + ^ d{h{fij)aij)) 

Now we do the same for all strata *Bfc connected to 58^ through strata with 
bases of non zero dimension setting on ilk 

Up := + ^ d{h{n^k)at,k)) 
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For all other il^, we simply leave uj unchanged. This defines uip as a two form 
on our refinement. It is now not difficult to check that the set of forms given 
by UJ and ujp for all p is a strict taming of (!B, J). 

□ 

For example, the exploded fibration constructed in example 1 2 . 531 from a com- 
pact symplectic manifold with orthogonally intersecting codimension 2 symplec- 
tic submanifolds admits an almost complex structure with a strict taming. This 
is relevant for considering Gromov Witten invariants relative to these subman- 
ifolds. 

The following picture of a symplectic form on a refinement in a toric case 
may be helpful for understanding the construction in the above proof. (We have 
drawn [S] in moment map coordiantes.) 




Example 2.57. 

Given any symplectic *B with a compact tropical part [*BJ satisfying the 
conditions of Lemma 12.561 we can construct a family — > %\ of symplectic 
exploded fibrations so that the fiber over z = It^ is 58, and the fiber over z = 1 
is a smooth compact symplectic manifold. 

2.8 Moduli stack of smooth exploded T curves 

We shall use the concept of a stack without giving the general definition. (See 
the article [3] for a readable introduction to stacks) . The reader unfamiliar with 
stacks may just think of our use of stacks as a way of keeping all information 
about families of holomorphic curves in case it is needed for future papers. 

When we say that we shall consider an exploded T fibration 58 as a stack, 
we mean that we replace *8 with a category S over the category of exploded 
T fibrations (in other words a category S with a functor to the category of 
exploded T fibrations) as follows: objects are maps into *B: 

21 — > <B 
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and morphisms are commutative diagrams 

a — > <B 

i iid 

£ — > 

The functor from S to the category of exploded T fibrations is given by sending 
2t — > S to 21, and the above morphism to 21 — > £. 

Note that a maps S — > S) are equivalent to functors S — > S which 
commute with the functor down to the category of exploded fibrations. Such 
functors are morphism of categories over the category of exploded fibrations, 
and this is the correct notion of maps of stacks. 

For example, a point thought of as a stack is equal to the category of exploded 
fibrations itself, with the functor down to the category of exploded fibrations 
the identity. We shall refer to points thought of this way simply as points. 

Definition 2.58. The moduli stack M^"'' {^) of smooth explodedT curves in^ 
is a category over the category of exploded fibrations with objects being families 
of smooth exploded curves consisting of the following 

1. A exploded T fihration £ 

2. A pair of smooth exploded T morphisms 

£ — 

3. A section j o/ker(d7r) (g) {T*€/Tr* {T*^)) 
so that 

1. TT : £ > ^ is a family (definition \2.45\ on vaae \25\) . 

2. The inverse image of any point p > ^ is an exploded T curve with 

complex structure j . 

A morphism between families of curves is given by exploded morphisms f 
and c making the following diagram commute 



5i ^ 


- £i - 


03 


if 


ic 




d2 ^ 


- £2 - 





so that c is a j preserving isomorphism on fibers. 

The functor down to the category of exploded fibrations is given by taking the 
base ^ of a family. 

Note that morphisms arc not quite determined by the map / : ^Ji — > 3^2- 
£1 is non-canonically isomorphic to the fiber product of £2 and over ^2- 

This is a moduli stack in the sense that a morphism ^ — > A1*"'(Q5) is 
equivalent to a family of smooth curves 5' < — £ — > *B (this is the family which 
is the image of the identity map ^ — > ^) . 
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Definition 2.59. A holomorphic curve € — > 05 is stable if it has a finite num- 
ber of automorphisrn,s, and is not a nontrivial refinement of another holomorphic 
curve. (If^ is basic, this is equivalent to all smooth components of € which are 
mapped to a point in [05] being stable as punctured Riemann surfaces.) 

Definition 2.60. A family of stable holomorphic curves in ^ is a family of 

smooth curves so that the map restricted to fibers is holomorphic and stable. 
The moduli stack of stable holomorphic curves in 05, is the substack A1(0S) C 
A^*'"(5B) with objects consisting of all families of stable holomorphic curves, 
and morphisms the same as in M.^™ . 

Definition 2.61. Given a closed 2 form uj on the exploded T fibration OS, the 
smooth exploded T curve f : €. — > *B is to-stable if the integral of f*w is 
nonnegative on any smooth component, and positive on any smooth component 
which is unstable as a punctured Riemann surface. 

Use the notation A4*""''^(05) to indicate the substack of M.^"^ consisting of 
families of w- stable smooth curves. 

We have M{^) C A4*'"''^(05) C A4''™(05). The moduli stack of w-stable 

curves is a little better behaved than the moduli stack of stable curves because 
w-stable curves have only a finite number of automorphisms. 

We want to make compactness statements about holomorphic curves in fam- 
ilies, so we generalize the above definitions for a family 5B — > © as follows: 

Definition 2.62. The moduli stack of smooth curves in a family !B > ©, 

9Jt*™(*B 6) is the substack o/9Jt*'"(*B) which is the full subcategory which 
has as objects families which admit commutative diagrams 

i i 
d ^ & 

The moduli stack of w-stable smooth curves A^*"*''^(*B — > (S) and the moduli 

stack of stable holomorphic curves A^(*B ^ (5) arc defined as the appropriate 
substacks of 7W"'"(» 6). Note that there is a morphism A^^'"(OS -> «) — > 
© which sends the object given by the diagram above to 'S — > &. The appro- 
priate compactness theorem for families states that if we restrict to the part of 
the moduli space with bounded energy and genus, the map A^(05 ^ ©) — > 6 
is topologically proper. 

The goal of this paper is to prove that the moduli stack of finite energy stable 
holomorphic curves with a fixed number of punctures and genus in a complete 
exploded T fibration with a strict taming is topologically compact. We should 
say what this means in this context. First, we need a notion of topological 
convergence. The following definition can be thought of as a notion of what it 
means for a sequence of points in A4^™ to converge topologically. 

Definition 2.63. A sequence of points p^ — > A1(0S) corresponding to smooth 
curves : — > *B converges topologically to f : €. — > 05 corresponding to 
p — > Al(05) in C°°'^ if there exist a sequence of families 
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so that this sequence of families converges in C°°-^ to 

and a sequence of maps of a point into ^ so that converges to p in \^~\ , 
/* is the map given by the restriction of to the fiber over p' , and f is given 
by the restriction of f to the fiber over p. 

(It may seem strange that we use C°°'^ instead of smooth convergence for 
the moduH stack of smooth curves. This is an artifact of our methods of proof. 
It is highly hkely that in the case of integrable complex structures the analogous 
theorem can be proven with smooth convergence replacing C°°'^ convergence. 
It is also perhaps more natural for our case to consider the moduli stack of C°°'^ 
families. The required results in this setting follow trivially from results in the 
smooth setting. It is expected that A4 carries a natural type of C°°'^ Kuranishi 
structure.) 

We say that a sequence of points in A^*™(S 25) converge topologically 
if they converge topologically in A^'*™(?B). Topological convergence in Ai and 
jf^sm,uj jg defined to simply be topological convergence in Al'*™. We say that a 
sequence of points in © converges topologically if and only if the corresponding 
sequence of points in © converges topologically. 

Definition 2.64. To say that M is topologically compact in C°°'^ means that 
given any sequence of points in M, there exists a subsequence that converges 
topologically in C°°'^ to some point in M . 

To say that map of stacks f : M — *■ is topologically proper in C°°'^ is to 
say that ifp^ — > A4 is some sequence of points so that f{p^ ) converges topolog- 
ically in then there exists a subsequence of {p'} that converges topologically 
in C°°'^ to some point in M.. 

In some sense, the moduli stack of stable holomorphic curves should be 
complete. (The sense in which this is true involves dealing with transversality 
issues.) We shall not say much about the other requirement for completeness in 
this paper, but note that if il C T is a connected open subset of T, and il — > 
j^sm,uj ^ family of smooth curves so that at least one curve is holomorphic, 
then the family is holomorphic U — > M.. 

The main theorem of the paper, on page 1541 can now be understood. 

3 Estimates 

In this section, we shall prove the analytic estimates required for our com- 
pactness theorem. These estimates do not differ much from the standard esti- 
mates used to study (pseudo)holomorphic curves in smooth symplectic mani- 
folds. They are also proved using roughly the same methods as in the smooth 
case. We shall make the following assumptions: 
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1. We'll assume that our target 55 is complete. This is required to give us 
the kind of bounded geometry found in the smooth case when the target 
is compact or has a cylindrical end. We shall also assume that S is basic. 
The assumption that S is basic is mainly for convenience in the arguments 
that follow. It is most useful in establishing coordinates and notation for 
the construction of families of smooth curves in the proof of Theorem 23] 

2. We'll assume our almost complex structure J on 05 is civilized. This 
artificial (but easy to achieve) assumption means that J induces a smooth 
almost complex structure on the smooth parts of 05. This allows us to 
use standard estimates from the study of holomorphic curves in smooth 
manifolds with minimal modification. This assumption is needed to have 
holomorphic curves be smooth morphisms instead of just C°"'^ morphisms. 

3. We'll assume that J has a strict taming fl. This is required to get a local 
area bound for holomorphic curves. We shall also work with a particular 
symplectic form lu Cz This together with J defines a pseudo metric 
on 05 which collapses all tropical directions (so it is like a metric on the 
smooth part [S].) The strategy of proof for most of our estimates is 
roughly as follows: first prove a weak estimate in uj's pseudo metric, and 
then improve this to get an estimate in an actual metric on 5B. We shall 
use this strategy to prove estimates for the the derivative at the center of 
holomorphic disks with bounded fi energy and small ui energy, and to get 
strong estimates on the behavior of holomorphic cylinders with bounded 

energy and small w energy. 

This section ends with Proposition 13. 171 which is a careful statement of the 
fact that any holomorphic curve with bounded Q energy, genus, and number 
of punctures can be decomposed into a bounded number of components, which 
either have 'bounded conformal structure and bounded derivative', or are annuli 
with small uj energy, (and so we have strong estimates on their behavior.) 

Throughout this section, we shall use the notation (05, J, fi, oj, g) to indicate 
a smooth, basic, complete exploded fibration 58, a civilized almost complex 
structure J, a strict taming il, a choice of symplectic taming form uj E il, and 
a metric g. If we say that a constant depends continuously on (05, J, f2, w, g), 
we mean that if we have a family *B — > © with such a structure on each fiber, 
the constant can be chosen a continuous function on C3. In what follows, we 
will generally only prove lemmas for a single exploded fibration 05, and leave 
the proof of the corresponding statement for families to the diligent reader. 

We shall use the following lemma which bounds the geometry of a complete 
exploded T fibration. Note that given a metric g on some complete S, the 
injectivity radius is a continuous function on 5B, and is therefore bounded below. 

Lemma 3.1. Given a complete exploded T fibration 05 with a metric g and any 
finite number of smooth tensor fields 6i (such as an almost complex structure 
or a symplectic structure), for any R > which is smaller than the injectivity 

radius of^, if a sequence of points Pn > 05 converges topologically top — > 05, 

then {Bf>{pn),g,9i) converges to {Bf>{p),g,9i) in the following sense: 

Considering Bji{pi) as a smooth manifold, there exist a sequence of diffeo- 

morphisms fn '■ Bji{pn) > Br{p) so that f*{g) and f*{0i) converges in C°° 

on compact subsets of B]i(jJn) to g and 9i. 



37 



Proof: 



This follows from the fact that all smooth tensor fields (and their derivatives) 
can be locally written as some sum of smooth functions on *B times some basis 
tensor fields. 



This tells us that the geometry of a complete exploded T fibration is bounded 
in the same way that the geometry of a compact manifold is bounded. The 
analogous result for families is also true. 

The following is a consequence of our bounded geometry and the standard 
monotonicity lemma for holomorphic curves first proved in [5]. (The proof 
involves a bound on the covariant derivatives of J, the curvature of g and the 
injectivity radius, all of which vary continuously in families.) 

Lemma 3.2. Given (*B, J,fl,g), for any e > there exists some E > depend- 
ing continuously on (*B, J, fi,!?) so that any non constant J holomorphic curve 
which passes through a point p and which is a complete map when restricted to 
the e ball around p has fi energy greater than E. 

Lemma 3.3. Given (*B, J,il,uj), define the pseudo-metric 



For any such (*B, J,il,Lu) and a choice o/e > 0, there exists some E depending 
continuously on (*8, J, fl, uj) so that any non constant J holomorphic curve which 
passes through a point p and which is a complete map when restricted to the e 
ball around p in the above pseudo metric has to energy greater than E. 



The fact that 23 is basic and complete means in particular that it can be 
covered by a finite number of coordinate charts, U C M^" x T™. R^" x T™ with 
J and bj can be regarded as subsets of more standard charts R^" x if cut out 
by setting some monomials equal to 1. This has the advantage that the smooth 
part of this is just equal to M^" x C', and we can assume our symplectic and 
almost complex structures just come from smooth ones here (this uses that J 
is civilized), so we can use standard holomorphic curve results. Note also that 
the above pseudo metric is actually a metric on this smooth part. The size of 
covariant derivatives of J in this metric give continuous functions on 05, and 
are therefore bounded because 03 is complete. To have the bounded geometry 
required to apply the standard monotonicity lemma for holomorphic curves, we 
also need some kind of injectivity radius estimate. For a point q € \U~\ in the 
smooth part of a coordinate chart, we can define iuil) to be the injectivity 
radius at q of \U~\ with our metric. We can then define an injectivity radius for 
a point p e [58] to be given by 



where d{p^ q) indicates distance in our pseudo metric. This defines a continuous 
function on *B, and at each point i{p) > 0, so the fact that *B is complete tells 
us that there is some lower bound < c < i{p). 



□ 



{v, w)^ := -(w(w, Jw) + uj{w, Jv)) 



Proof: 
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To prove our lemma we can now take < e < c. If our holomorphic curve 
is complete restricted to the e ball around p, it is also complete (which implies 
that the maps of smooth components are proper maps) when restricted to the 
e ball around any q e [J7] so that d{p, g) = 0. We can apply the standard 
monotonicity lemma for holomorphic curves to these balls, so we can choose 
some E > Q so that any holomorphic curve passing through q which is complete 
restricted to the ball around q is either constant in [[/] or has energy greater 
than E. So either our holomorphic curve must have energy greater than E or 
it must have some connected component which is constant in the smooth part 
of every coordinate chart. This connected component must therefore not touch 
the boundary of our e ball, and must be a complete map to 05. The fact that 
is a strict taming then allows us to use Lemma 13.21 to complete our proof. 

□ 

The above proof also implies the following: 

Lemma 3.4. Given (*B, J, there exists some e > which can he chosen 

to depend continuously on (53, J, $7,0;) so that given any complete holomorphic 
curve in 05, the lo energy of any smooth component is either greater than e, or 
the image of that smooth component has zero size in the to pseudo-metric. 

Lemma 3.5. Given (*B, J, £7, cj), for any e > 0, there exists some E > 
depending continuously on (03, J, 17, w) so that any J holomorphic map f of 
e"^^"*"^^ < \z\ < e^^^"'^' with uj-energy less than E is contained inside a ball of 
radius e (in lo's pseudo metric) on the smaller annulus < \z\ < e^. 

Proof: 

Suppose to the contrary that this lemma is false. 

Choose E small enough so that Lemma 13.31 holds for | balls. There must 
be a path in e^^^^^-* < \z\ < e^^-^ joining z = 1 with an end of this annulus 
contained entirely inside the ball B^{f{l)). (Otherwise, / restricted to some 
subset would be a proper map to BjL(f{l)), and wc could use Lemma 13.31 to get 
a contradiction.) Suppose without loss of generality that it connects 1 with the 
circle \z\ = e"(^+^). 

Suppose for a second that there exists some point z so that e~^^+3) < \z\ < 
and /(z) ^ i?35 (/(I)). As above, there must exist some path connect- 
ing z with an end which is contained in the ball B± (/(I)). There must therefore 
be some region conformal to [0, n] x [0, j] so that the dist (/(O, t), /(tt, t j) > |. 
Then the Cauchy-Schwartz inequality tells us that 

This in turn gives a uniform lower bound for the energy of our curve. This case 
can therefore be discarded, and we can assume that all z satisfying 6"*^^+*^ < 
\z\ < e^*^''^+3-' are contained in B^(/(l)). 

As we are assuming this lemma is false, there must be some point Z2 so that 
< \z2\ < and f{z2) ^ B^{f{l)). Repeating the above argument (with 
Z2 in place of the point z = I) gives us that z must be contained in Bst (7(2:2)) 

when < |z| < e^'^i. 
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We then have / contained in balls which are at least j apart on the boundary 
of an annulus, thus we can apply Lemma l3.3l to some point in the image under / 
of the interior at least | from both balls to obtain a lower bound for the energy 
and a contradiction to the assumption that the lemma was false. 

□ 



The following gives useful coordinates for the analysis of holomorphic curves: 

Lemma 3.6. Given (*B, J, i7, cj), there exist constants Ci and e > depending 
continuously on (03, J, 51, w) so that for all points p — > *B, there exists some 
coordinate neighborhood U of p so that the smooth part, \U~\ can be identified 
with a relatively closed subset of the open e ball in C" with almost complex 
structure J and some flat J preserving connection V so that 

1. p is sent to 0, and the restriction of J to [[/] is J. 

2. The metric (•, on [L/] is close to the standard flat metric on C" so that 

3. J at the point z G C" converges to the standard complex structure Jq on 
C" as z Q in the sense that 

J - Jo <co|2;| 



4- The torsion tensor 

Tv(w, w) := Vi,w — Vi^v — [v, w] 



is bounded by cq, and has its kth derivatives bounded by Ck- 

The only point in this lemma which does not follow from the definition of 
a civilized almost complex structure and calculation in local coordinates is the 
fact that the constants involved do not have to depend on the point p. This 
follows from the fact that *B is complete. 

Lemma 3.7. Given a holomorphic map f of the unit disk to a space with a fiat J 
preserving connection V, fx defines a map to C" defined by parallel transporting 
fx back to the tangent space at /(O) which we then identify with C". Such an 
fx satisfies the following equation involving the torsion tensor ofV, Ty. 

dfx = \jT^{fy,fx) 

Proof: 



df.^^iVfJx + J^fJ.) 

^JT^'^Uv^ fx) 
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□ 

As the d above is the standard hnear d operator, this expression is good 
for applying the following standard elliptic regularity lemma for the linear d 
equation. This allows us to get bounds on higher derivatives from bounds on 
the first derivative of holomorphic functions. 

Lemma 3.8. For for a given number k and 1 < p < oo, there exists a constant 
c so that given any map f from the unit disk D{1), 



+ - [Pf\\Ll(D{l)) + II/IIl^(D(1)) 

Lemma 3.9. Given (03, J, 51, w), there exists some energy E, some distance 
r > 0, and a constant c, each depending continuously on (05, J, il,a;) so that 
any holomorphic map f of a disk {\z\ < 1} into 05 with uj- energy less than E 
or contained inside a hall of lo radius r, satisfies 

\df\^ <catz^O 

We shall omit the proof of the above Lemma which is a standard bubbling 
argument, similar, but easier than the proof of the following: 

Lemma 3.10. Given (05, J, 51, g), for any E > 0, there exists some e > 0, 
distance r > and constant c, each depending continuously on (5B, J, f2, w, g) so 
that any holomorphic map f of a disk \z\ < 1 into with Q-energy less than 
E, and either contained in a u-ball of radius r or having to -energy less than e 
satisfies 

\df\g < c at z = 

Proof: 

Suppose that this lemma was false. Then there would exist some sequence 
of maps fi satisfying the above conditions with |(i/i(0)| oo. First, we obtain 
a sequence of rescaled J holomorphic maps fi : D{Ri) — > 05 from the standard 
complex disk of radius Ri so that 



df^ 



< 2 



df^{0) =1 

lim Ri — oo 

i — >oo 

We achieve this in the same way as in any standard bubbling off argument 
such as the proof of lemma 5.11 in [T]. We can then use Lemma 13. 6[ Lemma 
13.71 and Lemma to get a bound on the higher derivatives of fi on D{Ri — 1). 

As 05 is complete, we can choose a subsequence so that /i(0) converges 
topologically to some p — > 05. Lemma l3T] tells us that the geometry of (5, J, lu) 
around /,;(0) converges to that around p. Considering all our maps as maps 
sending to p, we can choose a subsequence that converges on compact subsets 
to a non constant holomorphic map / : C — > 05. Note that / either has lo- 
energy less than e or is contained in a ball of radius r in the lo pseudo-metric. 
Because / must have finite lo energy, we can use Lemma 13.51 to tell us that / 
must converge in the lj pseudo- metric as \z\ — s- 00. Then by choosing e or r small 
enough, we can prove using Lemma 13.31 and the standard removable singularity 
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theorem for holomorphic curves, that / must actuahy have zero size in the u; 
pseudo-metric because / either has to energy less than e or is contained in an uj 
ball of radius r. 

Now that we have that the image of / has zero size in the uj pseudo metric, 
we know that / must be contained entirely within some (C*)" worth of points 
over a single topological point in [05]. This (C*)" has the standard complex 
structure, so / gives us n entire holomorphic maps from C — > C*. As / is non 
constant, at least one of these maps must be non constant. This map must have 
infinite degree, as it must have dense image in the universal cover of C* which 
is just the usual complex plane. It therefore has infinite fi-energy, contradicting 
the fact that it must have 0-energy less than E. 

To prove the family case, it is important to note that (as stated at the start of 
this section), when we say our constants depend continuously on (03, J, fl, u, g), 
we mean that given any finite dimensional family, (05 — *■ 25, J, J7, w, 5), the 
constants can be chosen to depend continuously on <3. With this understood, 
the proof in the family case is analogous to the above proof. 

□ 

Lemma 3.11. Given (05, J, f2,a;), for any < (5 < 1, there exists an energy 
bound E > 0, a distance r > 0, and a constant c, each depending continuously 
on (05, J, n, u)) so that any holomorphic map f from the annulus e~(-'^+^^ < |z| < 
g(^J+i) f;Q 05 with UJ energy less than E, or contained inside a hall of uj radius r 
satisfies the following inequality 

dist(/(z), /(l))^ < ce-^^(|z|' + \z\-') for e'^ < \z\ < 

Actually, with a more careful argument, this is true with exponent (5 = 1, 
but we will only prove the easier case. 
Proof: 

For this proof we shall use coordinates z — e*+*^ , and the cylindrical metric 
in which {■§[, are an orthonormal frame. 

We choose our energy bound E > small enough that we can use the 
derivative bound from Lemma 13. 9[ and Lemma 13.51 implies that the smaller 
annulus is contained a small enough ball that we can use the coordinates of 
Lemma [3761 (we also choose r small enough that this is true). We then have the 
following estimate for the (standard) 9 of / in these coordinates. 

<ci|d/||/| 

We can run this through the inequality from Lemma [3.81 to obtain the fol- 
lowing estimate on df restricted to the interior of a disk (which holds on the 
interior of the cylinder where we have the derivative bound from Lemma 13.91 ) 

ll^-^ILp(D(i)) - '^1 ll/llL^-D(i) - ^2 II/IIl~(D(1)) II /II (D(i)) (1) 

Here C2 is a constant depending only on p and (*8, J, w). We can fix p to be 
something bigger than 2. By choosing E or r small, we can force |/| to be as 
small as we like on the smaller cylinder using Lemma 13.51 

Now we can use Cauchy's integral formula 

2mf{zo) = -[ ^dz+ [ -I^dz+I ^Adz 

J\z\ = l Z — Zq J\z\=e^' Z — Zq Jl<|z|<e2' Z — Zq 
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or in our coordinates, 



f{to,Oo) 



1 /■^'^ 



J {21,9) 



1 _ eto-2igi(6>-0o) 



1 

+ 2^ 



27r <.2Z 



JO 



df{e,t) 



1 — e*o~*e* 



-dtde 



Let us now consider each tc^rm of this expression for /(Z, (?o) in the middle of 
a cylinder under the assumption that the average of f(2l,0) is 0. 
The first term: 



1 

2^ 



1 _ (,if.i{e-eo) 



< 



1 



max 1/(0, 0)1 



The second term using that the average of f{2l, 6) is 0, 



2^ Jo 1-e' 



-2igi(e-eo) 



de 



1 

2^ 



1 _ e-'e*(^-^") 



e 'e 



;„i(e-eo) 



- 1 M6' 
^6* 



The third term: 

,2/ a/(0,t) 



^Jo Jo ~' 



,to-tpi{O-0o) 



< 



dtde 



-max 1/(2^,^)1 



27r 



1 



1 _ gl-tg,i{e-0o) 



3 

L2 



<C3(/ + 1) max \f{t,e)\ max 



tG[-l,2/+l 



te[o,2j] 



The constant C3 depends only on (*8, J, w). It is zero if J is integrable. 

To summarize the above, we have the following expression which holds if the 
average of f{6,2l) is 0. (It also holds if the average of f{0,0) is due to the 
symmetry of the cylinder.) 



\f{l,0)\ <-^ (max 1/(0, 0)1+ max 1/(2?, 0)1) 

(2) 



+ C3(Z + 1) max \f{t,0)\ max I /(f, 0)1 
\ie[-i,2(+i] / \te[o,2i] 

The amount that the average of f{to, 0) changes with to inside [0, 21] is 
determined by the integral of Bf, which is dominated as above by a term of the 
form 



change in average < c^l y ^^^^ jl/(^)^)IJ ^ niax^ |/(t, 0)|J (3) 

Now let's put these estimates into slightly more invariant terms: Define the 
variation of f{t, 0) on [a, b] x as follows: 

Vfi[a,b]):= max dist(/(ti, 0i), /(is, 02))a, 
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Now the above two estimates give the fohowing: 

Vf{[a, a+l]) < (^-^ + C5{1 + l)Vf{[a - / - 1, a + 2/ + 1])^ Vf{[a-l, a+2l]) 

Now if we choose I large enough, and then make V f smah enough by making 
our energy bound E smah (or directly making r small) , we can get the estimate 

-SI 

Vf{[a, a + l])< —Vf{[a -l,a + 21]) for [a - / - 1, a + 2? + 1] C [-R, R] 

O 

Applying this 3 times, we get that on the appropriate part of the cylinder, 
Vf{[a ^l,a + 2l])< e-^^Vf{[a -2l,a + 31]) 

-521 

so Vf{[a, a + l])< -^Vf{[a -2l,a + 31]) 

Inductively continuing this argument gives that if [a — nl,a + [n + 1)1] C 
1], 

Vf{[a, a + l])< -^Vf{[a -nl,a+{n+ 1)1]) 
The required estimate follows from this. 

□ 

Lemma [33 Lemma [3771 and the coordinates from Lemma [3761 from page [40l 
can be used with inequality [T] on page [55] in a standard fashion to get a similar 
estimate on the derivative of / in the lu pseudo metric. This gives the following 
corollary: 

Corollary 3.12. Given (23, J, 51, a;), there exists some energy E > depending 
continuously on (03, J, 51, w) so that given any c > 0, there exists some distance 
R depending continuously on (03, J, il, w, c) so that given any holomorphic map 
f of a cylinder e~'~^ < |z| < e'^^ to 03 with to energy less than E, the lu energy 
of f restricted to e~' < \z\ < e' is less than cE. 

Lemma 3.13. Given (03, J, 51, 5), and any energy bound E < 00 and exponent 
< 6 < 1, there exists a covering of ^ by a finite number of coordinate charts 
and a constant c so that the following is true: 

Given any holomorphic map f of energy less than E from a cylinder 
e"^"'^"'""'^-' < \z\ < e^^^"*^^ to 03 contained inside a coordinate chart, there exists a 
map F given in coordinates as 

F{z) := (cl^"H'^^...,Cfcz"H'^^Cfc+l,...,c„) 

so that 

dist (/(z) - F{z)) < ce-^^ (\z\^ + l.^r'^) for e'^ < \z\ < 

where for i G [1, k], Ci S C*, Oi S R, G Z, and for i G [fc + 1, rt], q G M. dist 
indicates distance in the metric g. 

In the case that we a have a family (03 — > ©, J, 51, g) with the above struc- 
ture, we can choose c continuous on (S and a set of coordinate charts il on 03 
so that the above coordinate charts on any fiber are the non empty intersections 
of these with the fiber. 
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Proof: 

First, choose any symplectic form uj G fl. Because *B is basic and complete, 
we can then choose a finite number of coordinate charts covering 58 which are 
small enough in the uj pseudo metric so that Lemma 13.111 tells us that for 
any holomorphic map from a cylinder as above contained inside one of these 
coordinate charts satisfies 

disC(/(z),/(l))<ce-^'^(|z|^' + |zr*') (4) 

where S' ^ 

In our coordinates, 

/(l) = (clt"^...,cfee^cfe^.l,...,c„) 

We can choose ai so that the winding numbers of the first k coordinates of 
/(e'^) are the same as our model map F: 

F:= (clz"le^...,Cfe^"H'^^Cfe+l,...,c„) 

The metric g can be compared to the pseudo metric from lu on the last 
coordinates Ck+i, . . . ,c„, so we only need to prove convergence in the first k 
coordinates. Let us do this for / restricted to the first coordinate /i. 

For this, use coordinates z = e*+** on the domain with the usual cylindrical 
metric and the similar cylindrical metric on our target. (Choose our coordinate 
charts so that this metric on the target is comparable to g). Use the notation 

where ft. is a C valued function so that h{0) = 0. The metric we are using on 
the target is the standard Euclidean metric on C. Our goal is to prove the 
appropriate estimate for h. 

First note that Lemma 13.81 and Lemma 13.71 can be used with the inequality 
m in a standard fashion to get a similar estimate on the derivative of / in the uj 
pseudo metric. 

\df{z)l < ce-''^{\zf + \zr'') for g-^' < \z\ < e« (5) 

(The c in the above inequality is some new constant which is independent of 
f). We can choose our coordinate charts so that if Jq indicates the standard 
complex structure, there exists some constant M so that 

\Jv-Jov\g<M\vl 

This follows from writing down J in coordinates, and the fact that our uj 
pseudo metric is a metric on the smooth part of our coordinate chart. This then 
tells us that in our coordinates is controlled by \df\^. This then gives 

that for some new constant c independent of / we get the following inequality: 

\dh{z)\ < ce-^'^^ilzf + \z\'^') for e'" < \z\ < (6) 

If we choose our coordinate charts small enough in the lo pseudo-metric, 
Lemma 13.101 gives us a bound for 1^/1^ on the interior of the cylinder, so we 
have that there exists some c independent of / so that 
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\dh{z)\ < c for e"^ < \z\ < (7) 

We can now proceed roughly as we did in the proof of Lemma 13.111 In 
particular, Cauchy's integral theorem tells us that 



1 /•^'^ 



h{to-l,l 



2tt 



1 

2^ 



gigi(e-9o) 
2^ '■*°+' dh{t,e) 

En t 



2ir 



h{to + i,e) 

1 - e-'-e^C-'^o) 



dtde 



We can now bound each term in the above expression as in the proof of 
Lemma [3. Ill except we use the estimate H] to bound \dh\. 
Then we have the following estimate: 



2ti 



h{to + 1, 



<- 



+ c{l + l)e 



h{to -1,9) / h{to + i,e)de 

27r Jo 



h{t + l,9) / h{tQ + l,9)d9 

271- Jo 



-S'R^S'l /S'to g-'J'to 



(Of course, this is a new constant c, which is independent of / or h.) 

Note that the change in the average of h is determined by the integral of dh, 
which we can bound using estimate El The change in this average can then be 
absorbed into the last term of the above inequality. Define the variation of h 
for a particular t as follows: 



Vh{t) := max 



1 /•^'^ 
hit,9)-— hit, 



We then have the following estimate (with a new constant c): 

Vhit) < -j^{Vh{t + l) + Vh{t - I)) + c{l + l)e*'('-^) fe^'* 
e' — 1 V 



+ e 



-s't 



Recalling that 6 < S' and Vh is bounded by equation[7l we can choose I large 
enough so that for R sufficiently large, using the above estimate recursively tells 
us that there exists some c independent of / or i? so that 



Vh{t) < ce-^'^e"^ + e""*) for -R<t<R 

(This estimate follows automatically from the bound on Vh for R bounded.) 
The required estimate for h then follows from the fact that the change in the 
average of h is bounded by the estimate which is stronger than what we need 
(which is the same equation with 5 in place of 5'). We therefore have 



h{z)<ce-^^{\z[ + \zl') for e 
which is the required estimate. 



□ 



46 



To prove compactness results, we shall divide our domain up into annuli 
with small energy, and other compact pieces with derivative bounds. For this 
we shall need some facts about annuli. Recall the following standard definition 
for the conformal modulus of a Riemann surface which is an annulus: 

Definition 3.14. The conformal modulus of an annulus A is defined as follows. 
Let S (A) denote the set of all continuous functions with integrable derivatives 
on A which approach 1 at one boundary of A and at the other. Then the 
conformal modulus of A is defined as 

KiA) := sup -p— 77 — = sup — 5- 

feSiA)lAdf°j)^df feSiA)J^\dff 

We can extend the definition of conformal modulus to include 'long' annuli 
inside exploded curves as follows: 

Definition 3.15. Call a (non complete) exploded curve 21 an exploded annulus 
of conformal modulus logxt"' if it is connected, and there exists an injective 
holomorphic map f : 21 — > 1 with image {1 < \z\ < xi~^}. Call it an exploded 
annulus with semi infinite conformal modulus if it is equal to (a refinement of) 
{|5|<l}cT}. 

(We use xt"' in the above definition because the tropical part of the resulting 
annulus will have length /.) Two exploded annuli with the same conformal 
modulus may not be isomorphic, but they will have a common refinement. 

We shall need the following lemma containing some useful properties of the 
(usual) conformal modulus. 

Lemma 3.16. 1. An open annulus A is conformally equivalent to {1 < \z\ < 
e^} if and only if the conformal modulus of A is R. If the conformal mod- 
ulus of A is infinite, then A is conformally equivalent to either a punctured 
disk, or a twice punctured sphere. 

2. If {Ai} is a set of disjoint annuli Ai c A none of which bound a disk in 
A, then 

R{A)>J2m^) 

3. If Ai and A2 are annuli contained inside the same Riemann surface which 
share a boundary so that R{A2) < 00, and the other boundary of Ai 
intersects the other boundary of A2 and the circle at the center of A2, 
then 

(This is not sharp.) 
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If Ai and A2 are annuli contained inside a Riemann surface so that every 
circle homotopic to the boundary inside A2 contains a segment inside Ai 
that intersects both boundaries of Ai, then 



R{Ai) < 



47r" 
R(A2j 




Proof: 

The first two items are well known. To prove item|31 first set R = R{A2) 
and put coordinates (0,i?) x M/27rZ on A2. Consider any function / e S{Ai). 
Without losing generality, we can assume that the shared boundary is (0,6'), 
and that some segment of the other boundary of Ai is a curve in A2 between 
(-j,0) and {R,do) where Oq > 0. Then consider integrating \df\^ along diagonal 
lines {Rt, — Ant + c). Each of these lines contains a segment inside Ai on which 
the integral of df is 1. The length of each segment is bounded by ((47r)^ + i?^) 2 . 
The integral of \df\^ along this segment is therefore at least (IGtt^ + _R^)^ 2 . This 
tells us that the integral of \df\^ over Ai is at least jjji^i^^]^, 



and therefore. 



{16n^ + R^) 
R 



RiA2) 



16n' 
R{A2) 



To prove item HI consider a function / e S{Ai). We shall integrate \df\^ 
along segments of the form (c, t) inside A2 D Ai traveling from one boundary of 
Ai to the other. The integral of df along such a segment is 1, and the length of 
the segment is at most 27r, so the integral of \df^ along the segment is at least 
and the integral of \df\ over Ai is at least Therefore, we have 



1 

2ir 



27r 



R{Ai) < 



R(A2j 



□ 
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Proposition 3.17. Given {^,J,Sl,u},g), an energy bound E and a number 

N , and small enough e > 0, there exists a number bound M depending lower 
semicontinuously on {'^, J,fl,u), g, E, N,e) and for any large enough distance 
R, a derivative bound c and conformal bound R depending continuously on 
(03, J, r2, uj, g, E, N, e, i?) so that the following is true: 

Given any complete, stable holomorphic curve f : € — > 03 with energy at 
most E, and with genus and number of punctures at most N, there exists some 
collection of at most M exploded annuli Qli C €, so that: 

1. Each Qli has conformal modulus larger than 2R 

2. Put the standard cylindrical metric on 2ti, and use the notation Qli^i to de- 
note the annulus consisting of all points in 2lj with distance to the boundary 
at least I. 

2tK,n2lK . = IJ) ifi^j 

3. f restricted to 2ti has energy less than e. 

4- Each component of (L—{JQlii,i is a smooth Riemann surface with bounded 

conformal geometry in the sense that any annulus inside one of these 
smooth components with conformal modulus greater than R must bound 
a smooth disk inside that component. 

5. The following metrics can be put on Qli and each smooth component of 
<t-\J^R,i: 

(a) On any component which is a smooth torus, use the unique flat metric 
in the conformal class of the complex structure so that the area of the 
torus is 1. 

(b) If the component is equal to a disk, an identification with the standard 

unit disk can be chosen so that if 21^.^ is the bounding annulus, is 
in the complement of^i. Give components such as this the standard 
Euclidean metric. 

(c) If the component is equal to some annulus, give it the standard cylin- 
drical metric onR/Zx {0,1). Give each 21, the analogous standard 
metric. 

(d) Any component not equal to a torus, annulus, or disk will admit a 

unique metric in the correct conformal class with curvature —1 so 
that boundary components are geodesic (there will be no components 
which are smooth spheres). Give these components this metric. 

On any component o/C— (JStoB^, the derivative in this metric is bounded 
by c 

\df\g < c 

Moreover, on SteB , — SIqr ,■, the ratio between the two metrics defined 

10 >' 10 

above is less than c. 

6. There exists some lower energy bound eo > depending only on e, R, and 
E so that f restricted to any component of €. — \J 2ti{,, which is a disk, 
annulus or torus has w energy greater than eo 
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Proof: 

Lemma rS .101 tells us that for e small enough, any holomorphic map of the unit 
disk with w-energy less than e and fi-energy less than E must have derivative 
at bounded by cq. We shall prove our theorem for e small enough so that this 
is true, and small enough that Corollary 13. 121 also holds with an energy bound 
of e. We shall also choose our distance R greater than 47r (for use with Lemma 
I3.16p . and large enough that Corollary 13.121 tells us that if / restricted to some 
smooth annulus 21^ has w-energy less than e, then the tj-energy of 21^ ^ is less 
than |. 

Let us now begin to construct our annuli. First, note that any edge of £ has 
zero w-energy, so we can choose an exploded annulus 21^ containing each edge 
with w-energy less than | . (Note for use with item [6] that in the case that this 
bounds a disk, the w-energy of the resulting disk will be at least ^ ). We can do 
this so that these 21^ are mutually disjoint. Note that the complement of these 
2li is a smooth Riemann surface with boundary. (Note also that no component 
of £ can be isomorphic to 1 as the i7-energy of any complete component is 
equal to the w-energy which must be zero on %. Similarly, there is no complete 
component of £ which is locally modeled everywhere on %.) 

For each connected component of £ which is a smooth sphere, we shall 
now remove an annulus. First, note that we can put some round metric in the 
correct conformal class of the sphere so that there exist 3 mutually perpendicular 
geodesies which divide our sphere into 8 regions each of which has equal uj- 
energy. As our sphere must have energy at least e in order to be stable, we can 
choose two antipodal regions that each have energy |. By choosing eo > small 
enough, we can then get that there exist two disks with w-energy at least eg 
which intersect each of these regions, and which have radius as small as we like. 
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Choose eo > small enough that the complement of these disks is an annulus 
of conformal radius at least k{2R + 1) for some integer k > How small eo is 
required to achieve this depends only on R, e and E. Then we can divide this 
annulus into k annuli with conformal modulus at least {2R+ 1), at least one of 
which has cj-energy at most ^. Add this annulus to our collection. Note that it 
bounds disks which have energy at least ep. 




Consider a holomorphic injection of the unit disk i : D — > £ into the 
complement of our annuli 2l_R,i constructed up to this point. Suppose that i{0) 
is in the complement of 21 r Then Lemma [3.161 tells us that the restriction of 

i to \z\ < e is in the complement of 21h j. Now suppose that \d{f o i)\ > 
cqb^ i-fc(2i?+i) -^^j^gj-g ^ ig gome integer greater than Then the restriction 
of / to the disk \z\ < k{2R+i) j-^^gi; have energy greater than e due to 

Lemma l3.10l This disk is surrounded by k disjoint annuli of conformal modulus 
(2i? + 1) which are contained in the complement of SIr ^. At least one of these 
must have energy less than |. Add this annulus to our collection. Continue 
adding annuli in this manner. After a finite (but not universally bounded) 
number of times, no more annuli can be added in this way. We shall argue this 
below after adding some more annuli. 
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New low energy annulus 



2t« \ 


2li? 1 


/ ^ 





Disk with w-energy > ep 



We now want to add annuli so that condition U] is satisfied. Suppose some 
smooth component of £ — IJ 2tfl_i contains some annulus of conformal modulus 
greater than 2R{3+^) that does not bound a disk. Note that as we have chosen 

R > 47r, the size of such an annulus is greater than 2R{1 + ^) + 2R + 
The annulus of size R at its end can't be contained entirely within 21^, and then 
applying Lemma 13.161 part U] with the next annulus of size in the place 
of Ai, we see that our annulus minus annuli at each end of conformal modulus 
_R+ must be contained entirely in the complement of 21 r j. We then obtain 
more than ^ disjoint annuli in the compliment of 21r ^ with conformal modulus 
greater than 2R. The restriction of f to at least one of these annuli must have 
w-energy less than e. Add this annulus to our collection. 




We shall now argue that we can only add a finite number of annuli in this 
manner. The number of annuli that bound disks is bounded by plus the twice 
the number of connected components of £ that are spheres (which is bounded 
by f ). There are also a finite number of exploded annuli with infinite conformal 
modulus. The number of these is bounded by our topological bounds, and the 
fact that there are at most ^ spherical components with fewer than 3 punctures. 
Call the complement of all the above annuli £o- There is then a bound on the 
number of homotopy classes in €q of our remaining annuli, given by our bounds 
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on the topology of £, the fact that we have removed a bounded number of annuh, 
and the observation that for any Riemann surface with boundary, there are only 
a finite number of homotopy classes which contain annuli of conformal modulus 
greater than Att (Lemma 13.161 part HI can help to prove this). If there were an 
infinite number of annuli 21 r j in our collection in the same homotopy class, 
then there would exist an annulus in in that homotopy class which contains 
all of them. As the 21^ ^ are disjoint and have conformal modulus at least R, 
this annulus would have to have infinite conformal modulus. Note that there 
are no nontrivial annuli of infinite conformal modulus in Cq (because we have 
removed the annuli containing edges and at least one annulus from each spherical 
component), and if an annulus of infinite conformal modulus surrounds a disk 
with energy greater than eo, then the derivative of / must have been unbounded 
there. This is not possible, so we must only have a finite number of annuli in 
our collection. Note that everything apart from our bound on the number of 
annuli in a fixed homotopy class is bounded independent of /. 

Now we shall merge some annuli so that there exist no annular component of 
e:-U2ii?,i with UJ-energy less than ^. Then we will have a bound on the number 
of annuli which is independent of /. Suppose that we have some collection 
{2li, . . . ,2t„} of our annuli so that 2tij_i and 2lij^i+i bound an annulus which 
has w-energy less than |. Use the notation 2l[„^„] to denote the annulus that 
consists of 2tm, 2t„ and everything in between. Then, as we've chosen each of 
our 2li to have w-energy less than |, has oj-energy less than e, so we can 

apply Corollarv l3.12l to show that far enough into the interior of this cylinder, 
there is very little w-energy. (Note that as the parts of exploded annuli which 
are locally modeled on 1 always have no w-energy, so there is no difficulty in 
applying this lemma in the seemingly more general setting of exploded annuli.) 
Applying Lemma 13.161 part [51 and noting that as we have chosen i? > 47r, we 
have 2R > R + we see that ^[i,i+2] - 21* - 21^+2 C 21^ ^^2]- We have 

chosen R large enough that Corollarv l3 . 1 21 tells us that the energy of / restricted 
to 21b [i i+2] 1^^^ than |. We can now repeat this argument inductively to 
show that the energy of / restricted to 2t[i_„] is less than e and 2tn „j is less 
than 




21r [1 3] has low w-energy 



Now, replace all of our sets of annuli {2li, . . . , 2t„} of maximal size obeying 
the above conditions with the annulus given by 21 « i, 21 n „ and everything in 
between. (Note that if we had some collection of annuli which bounded small 
energy annuli in a cyclic fashion, we would obtain a connected component of £ 
which had energy less than e, and was not stable.) 

We shall now check that all the conditions we require are satisfied by this 
new set of annuli. First, the number is bounded independent of /. The size 
of each annulus is greater than 2R. Our resulting set of annuli also obey the 
non-intersection condition [2] because the original set did. We showed above 
that the energy of each new annulus is less than e. Because the complement of 
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our original set of annuli obeyed condition d] with a bound of 2i?(3 + by 
increasing our conformal bound appropriately and using Lemma I3.16[ we can 
achieve condition [J] The lower bound on the w-energy of unstable components 
is also satisfied by construction. 

All that remains is condition [S] Note first that the complement of our annuli 
Stij^i admits metrics as described in [51 The fact that there exists some c so that 
the metrics we choose on different components differ by a factor of less than c 
on 21 6R , — 21 OH , follows from conditions H] and [H and the bound on topology 

10 10 ^ ^ ^ _ ± 

as follows: The complement of is a Riemann surface with bounded genus, 
a bounded number of boundary components and bounded conformal geometry 
from condition HI An easy compactness argument tells us that there exists a 
constant c' so that any injective holomorphic map of the unit disk into either 21^ 
or the complement of ^a^i has derivative at bounded by c'. We can use this 
(remembering that i? > 47r > 10 so we can get a disk of unit size centered on 
any point inside 2l6B — ^9r) to get the ratio of the metric on the complement 
of 2lfl_i divided by the metric on 21^ is bounded by c' here. 

Then, we can use Lemma 13.161 and our conformal bound from condition 
m to get some lower bound ro > so that the boundary of 2t9R and 2l6R is 
further than rp from the boundary of the complement of ^R,i. A second easy 
compactness argument then tells us that if we fix any distance tq > 0, there 
exists some constant Cr^ (only depending on the bounds in the above paragraph) 
so that for every point further than tq from the boundary there exists an injective 
holomorphic map of the unit disk sending to that point, with derivative at 
greater than c^q . We then get that the above ratio of metrics above is bounded 
below by 

We must now prove our derivative bound on the complement of 21 oh . We 
shall do this by proving that given any holomorphic injection of the unit disk 
i : D — > £— U^R^i so that i{0) ^ 2los j, then \d(f o i)\ is bounded. Then, our 
conformal bound from condition U] will tell us that we have a bound on \df\ in 
the metric that we have chosen. 

We do this in two cases. First, suppose that i(0) is in the complement of 
2t n j for all our old annuli. Then, Lemma 13.161 tells us that the image of i 

restricted to the disk of radius e « is contained in the complement ^ for 
all our old annuli, as argued above. If the derivative of / o z on this disk was 
large enough, we would be able to add another annulus to our old collection in 
the manner described above. As this process terminated, \d{f o i)\ is bounded. 
Second, suppose that i(0) is contained inside 21 h ^ for one of our old annuli. 

Then Lemma [3 . 1 61 tells us that the restriction of i to the disk of radius e~^^"R" 
must be contained inside 21^, and therefore have energy less than e. This means 

that \d{f o i)\ < coe^®"fr, and our derivative is bounded as required. 

□ 

4 Compactness 

Theorem 4.1. Given a basic, complete exploded T fibration 23 with a civilized 
almost complex structure J and strict taming f2, the moduli stack Mg^n,E{^) of 
stable holomorphic curves with a fixed genus g and number of punctures n, and 
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with n energy less than E is topologically compact in C°°'^ for any Q < 5 < 1. 

More generally, if (03 — > <3,J,n) is a family of such (*B, J, £7), the map 
Mg^n,E{^ ®) — >^is 0°°'^ topologically proper. 

In particular, this means that given any sequence of the above holomorphic 
curves in the fibers over a topologically convergent sequence in 25, there exists 
a subsequence /* which converges to a holomorphic curve / as follows: There 
exists a sequence of families of smooth curves, 

i I 

so that this sequence of families converges in (7°°'* to the smooth family 

i i 

and a sequence of points —> 5^ so that \p^~\ — > \p~\ , /' is the map given by 
the restriction of /* to the fiber over p^, and / is given by the restriction of / 
to the fiber over p. Of course, the case where we just have a single (05, J, uj) is 
the same as the family case when is a point. 

The definition of C°°'^ convergence can be found in section [TH starting on 
page [T51 and the definition of the moduli stack is contained in section [THl which 
starts on page 1331 The notion of topological convergence is introduced on page 

uni 

The proof of this theorem uses Lemma [3. 131 on page [HI and Proposition l3.17l 
on page [3H1 Together, these allow us to decompose holomorphic curves into 
pieces with bounded behavior. A standard Arzela-Ascoli type argument gets a 
type of convergence of these pieces. If we were working in the category of smooth 
manifolds, this would be sufficient to prove the compactness theorem because 
the type of convergence involved would have a unique limit, and therefore the 
limiting pieces would glue together. The extra problem that must be dealt with 
in this case is that we are not dealing with a type of convergence that has a 
unique limit, so we must work much harder to show that our resulting 'limiting 
family' for each piece glues together to the limiting family ^. 

Example 4.2. 

The following are examples of the types of non uniqueness we have to deal 
with: 

1. In 1}, let z(p') = it°. Then [p*] — > [p] where p — » T} is any point so 
that z{p) = ct° where a > 0. Note that there is no 'point' p ^ 1} so that 
z{p) — Ot". (The author did try modifying the definitions of exploded 
fibrations so that such limits exist, however if this is tried, the theory of 
holomorphic curves becomes much more complicated, and the whole setup 
is a lot less natural.) This is one reason that non unique limits need to be 
considered. 
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2. Expanding example[Tl consider the maps /* : CP^ — > CP^ x given by 
p(u) — {u,pi). This sequence of maps does not have a unique hmit. We 
instead consider the family 

Cpi X ll CP^ X %l 

i 

Then the sequence of maps are given by the restriction of the inverse 
image of / to the inverse image of p*. These converge topologicahy to / 
restricted to the inverse image of p, where p ^ 1} is any point so that 

3. Expanding example [1] to see different behavior, consider the map n : 
T2 — * 2^1 so that TT*z — wiW2- This was studied in example 12.471 on 
page 1261 This can be considered to be a family of annuli by restricting 
to the subset where \wi\ < 1 and |it;2| < 1- Then 7r~^(p*) is an annulus 
1 > \wi\ > i, or 4 < |?Z>2| < 1- These domains converge topologicahy to 
7r~^(p) where p = ct" for any c G C* and a > 0. 7r~^(ct'^) has two coordi- 
nate charts which are subsets of T}, with coordinate Wi so that \wi\ < 1, 
and [wi\ > t". The transition map between these coordinate charts is 
given by wi = cf^Wj^^. 

4. Let us expand on example[3]by adding in the information of maps /' from 
our domains 7r^^(p') to T^. Suppose that 

f{wi) = (c>i,c>i) 

so of course, 

r{w2) = i£\-W2\ci-w:^^) 

I I 

If {c\, C2) G are generically chosen, we will not have a unique limit even 
if we restrict to the bounded domain 1 > \wi\> \. To put all our /' into 
an individual family, consider the family 

j2 ^ <jl hci,C2,wi,iU2)-. = (ciWi,C2Wi) ^ ^2 

i id XTT 
X 

Our individual maps are the restriction of / to the fiber over (c^, C2,p*). 
These converge topologicahy to the restriction of / to the fiber over any 
point (ci, C2, ct") where a > 0. Note that if we restricted to the domains 
where 1 > liiil > \w2\ or 1 > |u;2| > \wi\, then we get a worth of valid 
topological limits for each domain. There is a non trivial requirement that 
needs to be satisfied for these topological limits to be glued together. 

Apart from an easy use of an Arzela Ascoli type argument and elliptic boot- 
strapping, the main hurdle to proving Theorem 14.11 is dealing with the above 
types of non uniqueness for limits in showing that the different limiting pieces 
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of our holomorphic curves glue together. This is not extremely difficult, but it 
requires a lot of notation to keep track of everything. 

Note the assumption that S is basic is mainly for convenience in the following 
arguments. In the family case, by restricting to a subset of <3 which contains 
the image of a subsequence, we can also assume that S is basic. 

The following lemma will give us good coordinate charts on *B or *B. Recall 
that if 03 is basic, we use the notation [S^J for a strata of the tropical part [*BJ , 
and \JBi\ for the polygon which after identifying some strata is equal to the 
closure of [S^J C [55J . A neighborhood of a strata 05^ is then equal to an open 
subset of [Si] X using the construction of example 12.171 on page [121 This 

has a (sometimes defined) action of T" action corresponding to the (sometimes 
defined) action of T" on T "^^ ^ given by coordinate wise multiplication. We will 

need this T" action to move parts of our holomorphic curves around. 

Lemma 4.3. Given any basic exploded T fibration *B, and a family 58 — > &, 
for each strata Si C 5B, there exists some ili C 03 containing *Bi so that 

1. The image in the smooth part [ili] C [03] is an open neighborhood of 
[».] C [»]. 

2. If [03iJ is n dimensional, then there is an identification of Hi with an open 
subset of [03i] >^ T "^ ^ using the construction on page \12l We can make 

this identification so that the (sometimes defined) free action of given 
by considering [03^] x T"^^ ^ C [03^] x T" satisfies the following: 

(a) The X" action preserves fibers of the family — > 25, in the sense 
that if pi and P2 have the same image in ©, then z * pi and z * p2 
also have the same image in ©. 

(b) For any point p — > iii, the set of values in T" for which this action 
is defined is nonempty and convex in the sense that it is given by a 
set of inequalities of the form 

> ce G 

where depends smoothly on p > 03. 

(c) If [03iJ is in the closure of [03^ J, then the action ofZ^ on'diC]'dj is 
equal to the action of a subgroup of the X™ acting on ilj . 

Proof: 

The only point in the above lemma that requires proof is the compatibility 
of the actions of T" with restriction and the family. We can construct this 
first for the strata [03^] with the highest dimension and then extend it to lower 
dimensional strata. 

Being able to do this amounts to constructing coordinate charts identified 
with open subsets of M*^ x T^, where coordinates on the projection of this 
to © consist of some sub collection of these coordinates (the normal form for 
coordinates on a family), and so that transition functions are of the form 

[x,w)^{c^{x),f(x)ew) 
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where is a difFeomorphism, and / is a smooth C* valued function. These 
transition functions preserve a T" action of the form 

z * (x, w) = (x, zw) 

Because of the assumption that the closure of strata in [*BJ are simply con- 
nected, we can first reduce to the case that coordinate charts are in the normal 
form for a family, and transition functions are of the form 

{x,w) ^ {(l){x),f{x,w)i''w) 

where / is smooth and (C*)" valued. There is then no obstruction to modifying 
our coordinate charts one by one so that the transition functions no longer 
have any dependance on w. (This amounts to replacing the coordinates w 
with y^^^w. This change is well defined on the intersection with previously 
corrected coordinate charts, does not affect our charts being in the normal form 
for families, and there is no obstruction to extending it to the rest of a chart.) 

□ 

We shall now start working towards proving Theorem 14.11 The proof shall 
rely on Lemma 13.131 on page and Proposition 13.171 on page H^l We shall be 
using the notation from Proposition 13. 171 First, choose the following: 

1. Choose a metric, a taming form G fi, and finite collection of coordinate 
charts on S each contained in some iii from Lemma 14.31 and small enough 
to apply Lemma [3. 131 For the case of a family, restrict 58 — * © to some 
small coordinate chart on © in which the image of some subsequence 
converges, and choose our finite collection of coordinate charts on (the 
smaller, renamed,) 58 satisfying the above. 

2. Choose exploded annuli 21'^ C satisfying the conditions in Proposition 
13.171 with w-energy bound e small enough and R large enough that each 
SleH is contained well inside some il,; in the sense that it is of distance 

10 

greater than 2 to the boundary of il; . (The fact that we can achieve this 
follows from Lemma [3.111 on page W^) Also choose e small enough and 
R large enough so that each connected smooth component of is 
contained in one of the above coordinate charts and can have Lemma 13.131 
applied to it. 

Our taming form w is a smooth two form on some refinement of *8. As 
convergence in a refinement is stronger, we will simply call this refinement *8. 
Use the notation to indicate connected components of — 21 Vr ■ We 

10 

can choose a subsequence so that the number of such components is the same for 
each has topology that is independent of and choosing diffeomorphisms 

identifying them, converges as i ^ oo to some Cm in the sense that the 
metric from Proposition 13.171 and the complex structure converges to one on 

Cm- 
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Transition functions bounded 




We shall choose two coordinate charts on 21^^ with coordinates in a subset 
of ll so that each boundary of 2ljj is identified with \z^\ = 1 , and the coordinates 
are related by z^z^ = Ql^ G IR*t* . (This means that the conformal modulus 
of Stjj is — logQJj. These Qn will later become coordinates on our family g'.) 
Choose a subsequence so that the number of annuli is independent of i, and 
{Qn} converges topologically. (In other words, calling any conformal modulus 
not a real number infinity, either the conformal modulus of converges to a 
finite number, or converges to infinity. ) 

We can define 



:={|5^| <e-i^}cT} 
— {(^rt , ^« ) SO that S+S- = Q'J c 2t+ X 2l„ 



We shall need to keep track of what 2t„ is attached to, so use the notation 
to define C^± as the component attached to the end of Sljj with the bound- 
ary \zi^\ — 1. (Assume, by passing to a subsequence, that is well defined 
independent of i.) 

We can consider transition maps between C'^j- and StV^ ^ to give transi- 
tion maps between C„± and 21^. The bound on the derivative of transition 
maps from Proposition 13.171 on the region 2t'gH — SIVr (and standard el- 

10 10 

liptic bootstrapping to get bounds on higher derivatives on the smaller region 
21Vr — 21Vr ) tells us that we can choose a subsequence so that the transition 

10 10 

maps between C ± and 21^ converge to some smooth transition map between 
C„± and 2l±. We can modify our diffeomorphisms identifying with Cm so 
that these transition maps all give exactly the same map. Denote the complex 
structure on Cm induced by this identification by ji. (We shall do something 
similar for the annuli 21*^ later on.) We can do this so that ji and the metrics 
given by this identification still converge in C°° to those on Cm- 
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We shall now start to construct our family £ — > ^. The first step shall be 
to get some kind of convergence for each piece of our holomorphic curve. 

For each Cm choose some point € Cm, and consider :— f^{qm) G ^• 
This sequence has a subsequence that converges in [S] to some point Qm — > ^. 
Label the strata of *8 that contains Qm by ^m, and consider the chart il„i from 
Lemma containing Sm- As the derivative of /' restricted to Cm is bounded, 
we can choose a subsequence so that f^{Cm) is contained well inside Hm- (We 
can choose a subsequence so that the image of f^{Cm) is contained in the subset 
of \im which consists of all points some arbitrary distance from the boundary 
of iXm-) 

As the derivative of /* is uniformly bounded on — IJ 21 , we can use 

10 •'^ 

lemmas r3.6[ 13.71 and l3.8l to get bounds on the higher derivatives of /* restricted 
to C^. Lemma lXTl then tells us that \i P{qm) converges topologically to Qm — > 
5B, the geometry around f^{qm) converges to that around Qm, so we can choose 
a subsequence so that /* restricted to converges in some sense to a map 

fm,Q^ '■ Cm > so that fm,Q^iqm) = Qm C ilm 

More specifically, remembering that everything is contained inside ilm, we can 
use our T" action on iXm to say this more precisely. There exists some sequence 
e T" so that 

Cm * / • Cm * iljTt 

converges in C°° to fm,Q^ ■ Cm — > ilm- 

Of course, there was a choice involved here. We could also have chosen a 
different topological limit Q'^ of f^(qm), which would give a translate of fm.Q^ 
by our T" action. These choices will turn up as parameters on our family. 
They will need to be 'compatible' in the sense that these pieces will need to fit 
together. 

We now consider the analogous convergence on annular regions. Because 
the cj-energy of /' restricted to our annular regions 2l'j is small, we can apply 
Lemma 13.131 on page |44] to tell us that if the limit of the conformal modulus of 
21^ is infinite, then restricted to the smooth parts of 2ljj converges in some 
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sense (considered in more detail later) to some unique pair of holomorphic maps 

/n^Q^ie^^ > |Z±| >0}--» 

compatible with /„±^q _|_ and the transition maps. (Recall that C„± is the 
component attached to 21^.) As we have made the assumption that J is civilized, 
we can use the usual removable singularity theorem for finite energy holomorphic 
curves to see that these limit maps extend uniquely to smooth maps on {e^~^ > 
I > ^'^} C 2t,J for some x > 0. 




We may assume after passing to a subsequence that /'(21Vr ) are all con- 

10 

tained inside a single il„. Recalling our convention that C„± intersects Stjj, note 
that this means that il„± intersects il„ (and [il„±J C [itnj), so our sequence 
P + defined earlier also has an action on il„ , and 

converges in C°° on compact subsets adjacent to C„± to /^g . 

We now have a type of convergence of the individual pieces we have cut our 
holomorphic curve into. We shall now define a model for the exploded structure 
on our family that is too large, as it ignores the requirement that these pieces 
must fit together. 

Define 5Jm C ilm to be the exploded fibration consisting of all points — > 
ilm so that 

1. There exists some z so that Q'^ = z * Qm 

2. Defining 

The image of Cm, fm,Q'^{Cm) is contained well inside ilm in the sense 
that the distance to the boundary of iim is greater than 1. 

3. If Cm is attached to 2t^, then defining 
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The image of the smooth part of 21^, {fnQ/{z), < |z| < e ^10 } is also 
contained well inside 

Note that QJ™ is a smooth exploded fibration which includes all QJ^ which 
are topological limits for Ql^. For such Q'^, the map fm,Q'^^ will be holomorphic, 
but for other Q^, this may not be the case. 

We shall consider the family as a sub exploded fibration of 

m n m n 

The 0„ above stands for the 'gluing parameter' for identifying coordinates 
on 21^ via 

~4Sn - Qn e Qa {\~z\ < e'^''} C l} 



We shall consider the following sequence of points 

(r (91), r (92 ),..., q;,, ...) e n^™ 

m n 

where the conformal modulus of 2t^ is equal to — logQ^. 

Note that there is a transitive (sometimes defined) action of %^ on J| QJ„i J| 0, 
which is the action from Lemma 14.31 on 5J„j C ilm, and multiplication by some 
coordinate of T*"' on 0„. Our family will be given by a complete inclusion 

n n ^« ^ n^™ n 

ni n m n 

satisfying the following conditions: 

1. The image of ^ contains some point Q — > nm^mrin-Q" which is a 
topological limit of Q*, and the image of ^ is given by the orbit of Q 
under the action of some subgroup of . 

2. The distance in any smooth metric from some subsequence of to the 
image of 5^ converges to 0. 

3. There is no other inclusion satisfying the above conditions which has 
smaller dimension than ^. 

It is clear that such an must exist. It can be seen from Lemma 14.31 item 
[2] that 5^ is smooth. 

Now let us construct £ — > ^. We shall have charts on €. given by Cm '■— 
Cm X 1? and 2l„. 2l„ has coordinates [z^,z~,Q) where z^ € 2t^ and Qn — 
z^z~ . Transition maps between Cm and 2t„ are simply given by the transition 
maps between Cm and 21^ times the identity on the ^ component. As an 
explicit example, if </() is a transition map between Cm and 21^, the corresponding 
transition map between Cm and 2l„ is given by 

{z,Q)^ (^cb{z),^^,Q^ 
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This describes the exploded fibration £. The map down to ^ is simply given 
by the obvious projection to the second component of each of the above charts. 
This gives a smooth family of exploded curves. Note that condition [5] from 
Proposition 13 . 171 ensures that this is a family of stable curves. 

Lemma 4.4. IfQ — > ^, and \Qn~\ \Qn \ • then f^q can be glued by the iden- 
tification z^z^ — Qn- This is automatic if the limit of the conformal modulus 
of 21^ is finite. 

Proof: 

In the case that the limit of the conformal modulus of 21^ is finite, lim = 
Qn for any Q — > If this was not true, we could simply restrict to the points 
that satisfy this. This would include any point in ^ that is the topological limit 
of Q*, it would also satisfy the other conditions required of 5^, but have smaller 
dimension contradicting the minimality of ^. When we have this, as we have /* 
converging on C„± and Stjj, and transition maps between these also converging, 
we can glue the limit. 

In the case that the limit of the conformal modulus of is infinite, we want 
to glue fnqi^t) to fngi^n) over the region where the smooth coordinates 
\Zn~\ = \z~~\ = via the identification z^z~ = Qn- Define the following 
continuous function 

: 1? — * (the group acting on it„) 

which detects the failure for f^ to glue for any Q — > If \Qn^ = 0, and 
ZnZn — Qn SO that — \z~~\ — 0, let </>(Q) be the element of T' so that 

4'n{Q) * fngi^n) = fngi^n)- This may only fail to be defined because the left 
or right hand sides might not be inside 11. Note first that if defined, this doesn't 
depend on our choice of z^. Also note that this will be defined on some open 
subset of ^, and there exists some homomorphism from T*^ to T' so that this 
map is equivariant with respect to the T'^ action on ^ and the T' action on ilm . 
We can uniquely extend (j)n to the rest of ^ in an equivariant way. 

We want to show that (/)„ is identically 1 on ^. For each Q*, there exists a 
close point inside ^ so that the distance in any smooth metric between 
and Q* converges to as i ^ cx). Then (j)n{Q^) converges to 1, because these 
points come from holomorphic curves that are converging on either end of 
21Vb to fn in a way given by Lemma [3. 131 This tells us that the sub exploded 

fibration of 5^ given by 0~^(1) satisfies the conditions [T] and [2] above, so by the 
minimality of the dimension of ^, it must be all of ^. This tells us that if Q"^ 
is infinite, then we can glue together f^ without any modifications. 

□ 

Note that choosing any point Q — > ^ so that Q is the topological limit of 
(such a point must exist by the definition of the above lemma allows us 
to glue together fm,Qm ^^'^ fnQ to obtain our limiting holomorphic curve / 
for Theorem 14.11 If the above lemma held for every point in ^, we would have 
constructed our family. As it is, we need to make some gluing choices. 

If Qn G C* and the limit of the conformal modulus of 2ljj is infinite, we will 
need to make 'gluing' choices. We do not use the standard gluing and cutting 
maps as this will not give us strong enough regularity for the resulting family. 
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1. Chose some sequence — > d so that the distance between Q' and 
converges to 0. 

We need to take care of the different complex structures obtained by gluing 
21^ by and Ql^. Choose an almost complex structure ji on 21+ as 
follows: Choose smooth isomorphisms 

SO that 
(a) 

Ki^n) =5+ for >e 1° 

(b) 

(c) On the region [5+] ^ 0, the sequence of maps {$^} converges in C°° 
to the identity. 

Now define ji on 21+ to bo the pullback under of the standard complex 
structure. Using the standard complex structure on 21^, we then get our 
ji defined on 2t„. This is compatible with the ji already defined on Cm, so 
we get ji defined on £. Note that ji restricted to the fiber over is the 
complex structure on From now on, we shall use these new coordinates 
on 2tt 

2. We now define the linear gluing map as follows: 

(a) Chose some smooth cutoff function 

p : M* — > [0, 1] 

so that 

p{x) = for all X > e~To" 

9R 

p{x) = 1 for all X < 

Extend this to 

p : [0, 1] 

satisfying all the above conditions. (We defined this first on W so 
that it was clear what 'smooth' meant.) 

(b) Given maps </>+,</'" : %\ — > C*' which vanish at ^ = define the 
gluing map 

Z-) := p {\z-\) ct>+{z+) + p{\z+\) 

Note that if </>+ and are smooth, G(0+ ^-^ : — * is smooth. 
Note also that if and are small in C°°'^ , then is small 

too. 

3. We now define a linear 'cutting' map: as follows: 
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(a) Choose a smooth cutoff function (3 
foUowing: 

/3{x)+p{x-^) = 1 
P{x) ~ 1 for all a; > 

(b) Given a map (j) : 21^ — > C'' and QJ^ G C* , where 

4 — / ni 



[0, 1] satisfying the 



K ■■= { 



Qn} 



we can define the cutting of <j> as follows: 




Note that G/ 



restricted to z~^z = Qn is equal to 



Lemma 13751 tells us that the image of our annuli of finite conformal moduli, 
/*(21Vr ) is contained in some coordinate chart appropriate for Lemma 

10 

13.131 (We can choose this coordinate chart to be contained inside iJ.„ so 
that the T'^ action on il„ just consists of multiplying coordinate functions 
by a constant). In fact, we can choose a subsequence so that either 21^ 
has infinite conformal modulus for all i or (21 Vh ) is contained in one of 
these coordinate charts for all i. In that case. Lemma [3.131 together with 
the conditions on our coordinate change for 21^ above tells us that 



fniz) = (e-— -c; ,z 



^n,k'^ T ■ ■ i^ri,d-k ^ VnA-k) 



where (p^ is exponentially small on the interior of 21J^ „ as required by 
Lemma 13.131 We can regard our local coordinate chart as giving us a 
local trivialization of r*B compatible with our %^ action. We can extend 
this trivialization using our 1.^ action to an open subset D„ C il„ which 
will contain the image of any relevant translation of Note that D„ is an 
open subset of some refinement of T*^ x W^""^^ (with the above coordinates) . 
We shall define our maps as maps to 1^ x W^~'^^ . Note that in particular, if 
(5°° — > 5" is some topological limit of Q', then f^Qo^ in these coordinates 
are given by 

(e<i(^^)c„4(5+)"i , . . . , e<'=(^^)c„,fe(z+)"^ . . . , Cn,d-k + K,d-kC^^)) 
where cj)^ are smooth and vanish at z^ — 0. 

Similarly, if 2t!J, is infinite, then we can consider /* to map to D„ so that 
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Use the notation ^ for two points pi — > QJ„ to mean the element of T*^ 
so that = 2i * p2- Define : 2l„ — > *B by 



and 



Fn{z+,z-,Q) :=9^*cn{z+r 



(Recall that Qn+ recorded the position of C„+ which is attached to 21+ ). 
Note that even though we defined this as a map to T'^ x M''"^'^, and our 
chart is some refinement of this, these are still smooth maps to S. 
(This can be seen if we restrict this map to local coordinate charts.) 

Then we can define /' : 2[„ — > using the cutting and gluing maps 
above by 

r (I+, Q) := e''(<+.*r)<'^''"^F^(5+, g) 

We can similarly define / : 2t„ — > *B. 
Also define 

by 

and define on Crn similarly by translating /* appropriately depending 
on the difference between ^-nd Qm- 

This gives well defined smooth maps 

r : £ — > «8 
f :€ — > » 

so that /' is given by the restriction of /* to the fiber of £ — > ^ over 
— > d- Note that as the vectorfields (j)"^ are vertical with respect to 
!B — > (S, is too, and we have finally constructed our required 

families. 



(£,.?■) ^ » (Cj) a 03 
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Lemma 4.5. 

converges in C°°'^ to 
Proof: 

We work in coordinates. First note that /' converges in C°° restricted to / 
on Cm- This also holds for 2t„ if the size of 2l*j stays bounded. Note also that 
ji converges in C°° to j. 

It remains only to show that p converges in C°°'^ to / on 2l„. Recall that 
2l„ has coordinates (1+, z~ , Q) where Q — > 5^ and Q„ — z^z^ . Note that the 
maps : 2l„ — > *B defined above converge in C°° to Fn : 2ln — * ^. We have 
that 

f{S+,5-,Q):= e^(*^.+ ) , , Q) 
Similarly, we write 

Q) e^'c**.*^)^'^''" V„(z+, Q) 

We can choose a subsequence so that (j)l^{z^) converges in C°° on compact 
subsets of {0 < 1 2=*= I < e^~} to (j)^{z^). Lemma [3. 131 and our cutting construc- 
tion above tells us that for any S < 1, there exists some constant c independent 
of n so that 

|K±(Z±)|<C|2±|' 

and the same inequality holds for <j)^ and all derivatives (with a different con- 
stant c). This implies that (f>l^ converges to 0^ in C°"'^ for any 6 < 1. 
A quick calculation then shows that Gf<i+ converges in C°°^^ to 

G^^+ ^-j(z+,z^). Adding the extra coordinates on which G^^i+ ^i-j does not 

depend does not affect C°°'^ convergence, so we get that /' converges to / in 
(joo,s required. 

□ 

This completes the proof of Theorem 14.11 
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